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Abstract - This study uses Cam Clay model to investigate the influence of uncertainties in soil properties on simulated undrained
triaxial constitutive response. To this end, recently developed Fokker—Planck—Kolmogorov (FPK) equation approach to probabilistic
elasto—plasticity is employed. The most general form of the three dimensional elastic-plastic constitutive rate equation is written in
probability density space, resulting in a multi-dimensional FPK equation. The resultant FPK equation is specialized to undrained stress
path. Given the second order statistics of the uncertainties in soil properties and assuming Cam Clay elastic—perfectly plastic
constitutive model, the specialized FPK equations are solved to obtain second order accurate evolutionary (with pseudotime/ strain)
joint probability density function of the stress response. Marginal statistics — marginal probability density function, marginal mean, and
marginal standard deviation — of the stress components are then obtained from the multivariate probability density function using
standard integration techniques.
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1. Introduction

Soil is a nature provided material and it forms by weathering processes during thousands of years. Due to soil
formation process, mechanical properties of the soil are varying from one place to another. Since it is not possible to
excavate the entire site and obtain the soil properties at each point, soil properties are usually obtained at a finite number of
places (e.g., borehole locations) and they are statistically predicted at other places. Predicting soil properties involves some
degree of uncertainty which is known as soil spatial variability [1, 2, 3]. There are also other sources of uncertainty such as
measurement uncertainty and transformation relation uncertainty. Measurement uncertainty results from imperfection of
instruments, error in registering quantities and human error of test-operators [4, 5, 6]. On the other hand, transformation
relation uncertainty is introduced when empirical or other correlation models are used to compute soil properties from field
measurements [7]. In order to provide a rational and realistic analysis of a geotechnical system, the effect of these
uncertainties should be accounted for in our simulations and designs. In conventional deterministic analyses, these
uncertainties and random characteristics of soils are considered by using large factors of safety. However, using large
factor of safety not only is not economical, but also it may result in an unsafe design. This is due to the fact that values of
factors of safety are the same for a given type of application, such as settlement, regardless of degree of uncertainty
involved in its calculation. Since the degree of uncertainty is varying for different conditions, using factors of safety may
result in an unreliable design [8]. Therefore, in recent years, geotechnical practice has seen an increasing emphasis on
probabilistic simulations/designs.

In the field of geotechnical engineering, probabilistic predictions are typically carried out using Monte Carlo
simulation (MCS) technique [9, 10, 11, 12, 13]. However, this method is computationally very expensive for large scale
non— linear elastic—plastic problems. In 2007, Jeremic proposed an alternative simulation approach based on the Fokker-
Planck- Kolmogorov (FPK) equation for one—dimensional probabilistic elastic—plastic constitutive simulations of soils
[14]. The FPK equations approach utilizes a generic solution proposed by Kavvas to stochastic differential equations with
random coefficients and random forcing functions, and rewrites the general form of the elastic-plastic constitutive rate
equation in the probability density space in obtaining a FPK equation which describes the evolution of the probability
density function (PDF) of stress with pseudo time [15]. Specialization of the FPK equation to any particular elastic-plastic
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constitutive model, followed by solution of the specialized FPK equation provides evolution of the PDF of stress with
strain following that constitutive model. Using FPK approach, solution strategies for probabilistic elasto—plasticity were
discussed by Sett et al. for both linear and non-linear one—dimensional models [16, 17]. In 2009, Jeremi'c and Sett
introduced the concept of probabilistic yielding. They showed that by considering the uncertainty in yield stress, the
average (mean) constitutive response and the most probable (mode) constitutive response show nonlinear behavior from
the very beginning, even for the simplest elastic—perfectly plastic material model [18]. To make this method more general,
Sett and Jeremi”c also discussed the effect of probabilistic yielding on constitutive simulation under cyclic loading [19] . In
2014, Sadrinezhad and Sett extended the one— dimensional framework to a multi-dimensional framework to simulate the
probabilistic elastic plastic constitutive behaviour of soils [20, 21].

All the above studies have utilized the von Mises plasticity model to simulate the elastic plastic behavior of uncertain
soils. However, based on previous studies, elastic plastic models based on critical state formulation that contain features
such as hardening, softening and pressure sensitivity typical in soils have been more successful in describing the
mechanical behaviors of soils [22, 23, 24]. Therefore, in this study, the Cam Clay plasticity model of critical state soil
mechanics, which is one of the most widely used plasticity models, has been used to investigate the influence of
uncertainties in soil properties on simulated undrained triaxial constitutive response. The results have been illustrated in
terms of marginal statistics — marginal probability density function, marginal mean, and marginal standard deviation — of
the stress components, which are obtained from the multivariate probability density function using standard integration
techniques.

2. FPKE Based Probabilistic Elasto—Plasticity in Multi-Dimension

In multi-dimension, constitutive rate equation becomes a series of simultaneous ordinary differential equations
(ODEs), which relates the rates of stress components (dsi j=dt) with the rates of strain components (dskl=dt) using a
modulus tensor (Ci jKI) as follows:
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where, depending upon whether the stress state is within the yield surface or on the yield surface, the modulus tensor (Ciji)
could be elastic (el) or elastic-plastic (ep):
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In the above equation, C®j, f, U, g+ and r- are multiaxial elastic modulus, yield surface, plastic potential surface, internal
variable(s), and rate(s) of evolution of internal variable(s), respectively. The tensor of elastic moduli, C®j, can be
expressed in terms of Young’s modulus (E), Poisson’s ratio (v), and Kronecker delta (5):
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Note that if any or all of the above material properties are uncertain, Eq. (1) becomes a set of stochastic differential
equation (SDEs) with uncertain coefficients. In such a case, Eq. (1) may be written in the probability density space to
obtain a multidimensional FPK equation [17]:
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The above equation is an advection-diffusion equation; the terms within the first curly braces constitute the advection
coefficient and the terms within the second curly braces constitute the diffusion coefficient. Denoting the advection
coefficient by N and diffusion coefficient by N, Eq. (3) can be written in a more compact form as:
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Eqg. (4) is the most general form of the FPK equation corresponding to any multi-dimensional constitutive rate equation. In
the principal stress space, Eq. (4) simplifies to:
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In Eq. (5), P(ow, t) is the joint probability density of the principal stresses, t is the pseudo-time, while N)r and Neyrs are the
multi-dimensional advection and diffusion coefficients which for elastic isotropic material, take the following forms:
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where, ¢; are the principal strains, t is the pseudo time of the constitutive rate equation (Eq. (1)), and the superscripts ' on
the advection and diffusion coefficients refer to pre-yield elastic region. Furthermore, <) represents the expectation
operator, while Var [-] is the variance operator. Hence, given the statistical description (mean and variance) of the Young’s
modulus and the Poisson’s ratio of any material, the governing FPK equation (Eq. (5)) with advection and diffusion
coefficients given by Eq. (6) can be solved to obtain its elastic probabilistic constitutive response. For multi dimensional
elastic-perfectly plastic constitutive relationship, the advection and diffusion coefficients for post-yield region would be as
follows:
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in which C®-Pls is the elastic—perfectly plastic tensor which in multi-dimensional space is given by:
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Note that the pre-yield advection and diffusion coefficients for the elastic-perfectly plastic model will be of the same forms
given by Eq. (6). In reality, however, within a representative volume element (RVE) of a heterogeneous material like soils,
each of the large number of particle contacts may have different yield strengths and orientations [25]. In other words, some
particle-to-particle slips may occur earlier than the others. Under the framework of probability theory, these possibilities
are governed by the probability density function of yield strength (cy), which can be quantified by statistically analysing
constitutive test results. Hence, to realistically simulate the probabilistic material behavior, equivalent advection and
diffusion coefficients may be introduced by considering probability weights, based on probability density function of yield
strength (oy), to the elastic and plastic advection and diffusion coefficients [26]. These equivalent coefficients assign
probability weights to the stress response based on the probability of material being elastic or elastic-plastic. For elastic
plastic material model with uncertain yield strength (oy), the equivalent advection and diffusion coefficients (N and
Neq(2)rs) would become [26]:
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where 1- P[oy < o] represents the probability of material being elastic and P[oy < c]represents the probability of material
being elastic-plastic. Hence, given the statistical description of Young’s modulus, Poisson’s ratio, and yield strength of any
material, the governing FPK equation (Eqg. (5)) with adcevtion and diffusion coefficients given by Eq. (9) can be solved to
obtain its elastic-plastic constitutive response. Note that the initial condition of the governing FPK equation (Eg. (5)) can
be best represented by a Dirac delta function. For numerical simulation purpose the Dirac delta initial condition may be
approximated by a multivariate Gaussian function with a mean of ¢ and a very small standard deviation (w) as below:
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Reflective boundary conditions are found to be the most appropriate for such FPK equations. They can be mathematically
written as:

gr ( 01,02,03.1 ) .;.»\I Boundaries= 0 (11)
where, ( is probability current and is given as:
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3. Results and Discussions

In this section, the triaxial FPK PDE (Eqg. (5)) is specialized to undrained stress path. Then, by assuming Cam Clay
elastic-perfectly plastic constitutive model and appropriate (probabilistic) soil parameters, the specialized FPK PDE is
numerically solved to obtain the respective evolutionary joint PDF of stress components with pseudo time/strain.
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Under undrained condition, the soil does not change its volume i.e., volumetric strain remains zero (dei+dex+des = 0).
Further, during an undrained triaxial test, the total confining pressure is constant in the 2 and 3 directions. As a result, the
effective stresses in the 2 and 3 directions, o, and o3, vary but remain equal (do» = dos). Following Hooke’s law and
assuming material isotropy, de; = des. Therefore, for a displacement-controlled undrained triaxial simulation with

deterministic rate of strain in the 1 direction equal to %1 , the rates of strain in the 2 and 3 directions can be calculated as:

de, dey z de;

oy 0 - oyigt™ TR 13
dt dt : dt 13

In this study, the rate of strain in 1 direction is assumed to be 0.5. Therefore, by assuming triaxial stress condition i.e., 62 =
o3, the rates of strain in the 2 and 3 directions would both be computed to be equal to - 0.25. Using the above rates of
strain, Eq. (5) was solved for evolutionary (with pseudo time/strain) joint PDF of o1 and o2. A probabilistic shear modulus,
G, given by a Weibull distribution with a mean of 10 MPa and a coefficient of variation (COV) of 50% was assumed for
this simulation. To satisfy the condition of no volume change, the total stress undrained bulk modulus K must be infinite
which implies that the undrained Poisson’s ratio must be 0.5. Note that initially all the probability mass should
theoretically be concentrated at or = {oc, 0., oc} which can be mathematically described by a Dirac delta condition. It
should be mentioned that o¢ is the initial confining pressure which assumed to be 100 KPa. However, as mentioned earlier,
for numerical simulation of FPK equation, Dirac delta initial condition was approximated by a Gaussian function of mean
equal to the confining pressure and COV of 10% as shown in Figure 1. This initial error in standard deviation advected and
diffused into the domain during the simulation of the evolution process. Note that this error could be minimized by better
approximating the Dirac delta initial condition.

To simulate the elastic plastic constitutive behavior of uncertain soils, Cam Clay plasticity model has been used. The
Cam Clay yield limit is usually introduced as an ellipse in the plane of hydrostatic pressure, p, and shear equivalent stress,
g, defined as

e _(o1+02+03)
PN Ty (14)

q=+/31 (15)

where J; is the second invariant of the stress deviator, respectively. The Cam Clay yield function in terms of p and ¢ can be
written as

f=q¢*—M*[p(po—p)] (16)

where M denotes a material constant which is equal to the slope of the critical state line in the p—q plane and is the locus of
points where all ellipses, for any major diameter po, have outward normal parallel to the shear axis. The positive material
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Fig. 1: Simulated probabilistic undrained elastic behavior in terms of joint PDF of o1 and 62 at (a) axial strain, ¢, (or €1) = 0%.
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strength parameter po (related to the pre-consolidation pressure) equals the diameter of the ellipse in the direction of the
axis of hydrostatic pressure p [27]. For Cam Clay elastic-perfectly plastic material model with uncertain (M), the

. . . . .. (C°N°? and ©“N%4 ) .
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where =7 [M <V imn represents the probability of material being elastic and ,(P['y_ =N ﬁ]’ represents the
probability of material being elastic-plastic. In this study, the material constant for the Cam Clay model, M, was assumed
to have a Weibull distribution with a mean of 1.2 MPa and a COV of 10%. p0 was assumed to be deterministic and equal
to 0.03 Mpa. Figure 2 shows the solution of the governing FPK equation at an axial strain (e or &1) of 0.3% in terms of
joint probability density of o1 and 2. As can be seen in Figure 2, the joint PDF of &1 and o2 advected and diffused as
pseudo time/strain evolved indicating the propagation of uncertainty in shear modulus, G.

The evolutionary joint PDF of ¢/ and 62 was marginalized by standard integration technique and is shown in Figures
3 (a) and (b) in terms of evolutionary marginal PDF of ¢/ and o2, respectively. These figures show how the uncertainty in
shear modulus, G, affects the PDFs of stress components in the 1 and 2 directions.

The evolutionary, marginal mean and mean =+ standard deviation behaviors of deviatoric stress can also be obtained by
post-processing the evolutionary marginal PDFs of o/ and o2; thereby, the response of the soil can be depicted in
traditional deviator stress (q) vs. axial strain () and deviator stress (q) vs. trixial shear strain (¢q) spaces. Figures 4 (a) and
(b) show the results in the above two traditional spaces, but in terms of mean and mean =+ standard deviation behaviors.

Fig. 2: Simulated probabilistic undrained elastic behavior in terms of joint PDF of ¢/ and o2 at axial strain, &, (or &1) = 0.3%.
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Fig. 3: Simulated probabilistic undrained elastic behavior in terms of evolutionary marginal PDF of (a) o1 and (b) a2 with pseudo

time, t.
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Fig. 4: Simulated probabilistic undrained elastic-perfectly plastic behavior in terms of (a) deviator stress, g versus axial strain, €,
and (b) deviator stress, q versus triaxial shear strain, &g

It should also be noted that for a conventional undrained trixial compression test in which the cell pressure is held constant
while the axial stress is increased, one can write [27],

)
Sp = % (19)
where q is the deviator stress and p is the volumetric stress. Moreover, the principle of effective stress indicates that the
excess pore pressure is the difference between the total and effective volumetric stress which in incremental form can be

written as [27]:
Su=38p—d&p (20)

Since there is no volume change for an undrained constant volume condition, mean effective stress is constant and J p’ is
zero. Therefore,

dq
Su=0p= 3

and hence, the evolution of excess pore water pressure, u can also be computed from the evolutionary behavior of
deviatoric stress, g. Figure 5 shows the evolutionary excess pore water pressure with trixial shear strain (gq) for the
uncertain elastic soil.

(21)
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Fig. 5: Simulated probabilistic undrained elastic-perfectly plastic behavior in terms of pore pressure, u versus triaxial shear strain, &

These figures show that, although the material model is elastic-perfectly plastic (i.e, bi-linear), due to uncertainty in
yielding, the probabilistic response is smooth, nonlinear and captures the effect of isotropic hardening. This response is
very realistic and it means that depending upon the uncertainty in yield strength, there is always a possibility that the soil
becomes elasticplastic from the very beginning of loading, which agrees well with the fact that within a RVE of a spatially
non-uniform material like soils some particle-to-particle slips may occur earlier than others.

4. Conclusions

In this paper, a methodology has been presented for determining the evolution of the joint probability density function
of the stress components with the strain components for uncertain elastic-plastic soils. The methodology is based on a
multidimensional Fokker-Planck-Kolmogorov equation approach and it utilizes the Cam Clay elastic—perfectly plastic
constitutive model. The evolutionary mean and standard deviation of the stress—strain behaviors were obtained by post—
processing the results of the simulations. The evolutionary mean behavior could be explained as the ensemble average of
behaviors of all the soil particles in a RVE (soil specimen). On the other hand, the evolutionary standard deviation
behavior may be used as an indicator of the dispersion of the response around the mean. The region between the mean and
meanstandard deviation, which contained the most probable values of the response, was also obtained. This means that
depending upon the uncertainties in the soil properties and interaction between them, there would be a band around the
mean response that contained the most probable values of the response.

The results also indicated that, even with the elastic—perfectly plastic (i.e, bi—linear) model, due to uncertainty in
yielding, the probabilistic response was smooth and nonlinear from the beginning. This response is very realistic and it
means that depending upon the uncertainty in yield strength, there is always a possibility that the soil becomes elastic—
plastic from the very beginning of loading, which agrees well with the fact that within a RVE of a spatially non—uniform
material like soils some particle—to—particle slips may occur earlier than others.
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