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Abstract – The thermal stresses of annular fin with its base subjected of a decayed exponential function of time is examined in this 

study.  The problems are solved by analytically in the Laplace domain and obtained results are converted to real-time space using the 

modified Durbin’s numerical inverse Laplace transform method. Novel approach is using the modified Durbin’s numerical inverse 

Laplace transform method to analysis of transient thermal stresses in annular fin. This method successfully applied the boundary value 

problem which can be solved in Laplace domain. Different material models from literature are used and temperature and stress 

distributions are calculated. Validation of the recommended method is done using analytical solutions available in the literature for 

some special cases, and nearly exact results are obtained.  

 

Keywords: Annular fins, transient thermal stress, Laplace transform method, Durbin Laplace transform method 

 

 

1. Introduction 
In this study, transient thermal stresses of an annular fin with its base subjected of a decayed exponential function of 

time are analyzed theoretically in Laplace domain. Thin, one dimensional axisymmetric, isotropic, homogeneous and all 

thermal properties constant fin is regarded. Laplace transform method is used commonly and partial differential equations 

are converted to ordinary differential equations using this method. Then these equations can be solved in Laplace domain. 

Passing Laplace domain to real domain is realized by both numerically and analytically. Obtained solutions in Laplace 

domain are converted to time domain by using Durbin’s inverse Laplace transform method. Temperature and stress 

distribution throughout the fin thickness are tried to find out. In this novel, the problems that solved by analytical residue 

method in previous published study are obtained numerically by using Durbin’s method [1].  

Annular fins are generally used that systems working high temperature like carrying hot fluid in pipes to increase heat 

transfer from pipes to surrounding fluid [2].  Air cooling internal combustion engines, liquid-gas heat exchangers that used 

cooling systems and nuclear waste stored tanks are good examples for annular fin [3]. Mokheimer [4] investigated thermal 

performance of annular fin that have different profile. Fins convection ratio is changed by position. Laor and Kalman [5] 

calculated efficiency of annular fin assuming heat convection ratio is changed with temperature to determine optimum 

design parameter of the annular fin. Arauzo et al. [6] determine temperature distribution of annular fin which has 

hyperbolic profile by using analytic method. Diez et al. [7] research thermal analysis of hyperbolic profile pin fin. Heat 

convection ratio of fin material is assumed to be constant in previously mentioned studies.   

 

2. Analysis  
 
2.1. Analysis of Thermal Stresses in Annular Fin 

One dimensional, axisymetric annular fin is regarded. This fin has small thickness and constant. The fin material is 

homogenous, isotropic and all thermal properties are constant. Because of the small fin tip area, heat transfer is neglected 

so that fin tip is assumed to be isolated. The annular fin structure is shown Fig. 1. 
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Fig. 1: Annular fin structure. 

 

Dimensionless stress and temperature distribution equations are presented in Equation (1)-(6).  
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Equations (3)-(6) are initial and boundary value problems. 
If we take Laplace transform with respect to time, the system becomes a boundary value problem. 
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Where p is Laplace parameter 

Solution of Equations (7) and (8) area presented Equation (10). We can find the all solutions in Bas and Keles’s study 

[1]. 
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2.2. Durbin Inverse Laplace Transform Method 
Numeric inverse Laplace transform method is important to obtain value in time domain.  For this purpose, 

Durbin’s Laplace transform method that based on fast Fourier transform is used in this novel. Durbin inverse Laplace 

transform equations are summarized in Equations (11)-(14): 

 

𝑓(𝜁, 𝜉𝑗) =
2𝐸𝑥𝑝[𝑎𝑗∆𝑡]

𝑇
[−

1

2
𝑅𝑒{𝑓(𝜁, 𝑎)} + 𝑅𝑒 {∑(𝐴(𝜁, 𝑘) + 𝑖𝐵(𝜁, 𝑘))𝑊𝑗𝑘

𝑁−1

𝑘=0

}], 

 

𝑗 = 0,1,2, … , 𝑁 − 1 

  

(11) 

𝐴(𝜁, 𝜉𝑗) = ∑ 𝑅𝑒 {𝑥 {𝑓 (𝜁, 𝑎 + 𝑖(𝑘 + 𝑚𝑁)
2𝜋

𝑇
)}}

𝑀

𝑚=1

 
  

(12) 

𝐵(𝜁, 𝜉𝑗) = ∑ 𝐼𝑚 {𝑓 (𝜁, 𝑎 + 𝑖(𝑘 + 𝑚𝑁)
2𝜋

𝑇
)}

𝑀

𝑚=1

 
  

(13) 

𝑊 = 𝐸𝑥𝑝 [𝑖
2𝜋

𝑁
] , ∆𝑡 =

𝑇

𝑁
 

  

(14) 

zk = a + ik
2π

T
 and N =

T

∆t
, k th degree Laplace transform parameter, T is solution time and ∆t is time increment. Choosing 

a constant value in inverse Laplace transform is explained by Durbin [8]. According to Durbin’s study we need to set aT 

value between 5 and 10 to getting better result. Because of that aT value is set 7.5 in this study. Terminally the solutions 

are multiplied with Lanczos Lk factor and best solutions are obtained [9]. 
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3. Results  
Obtained numeric solutions are compared with Shang-Shen Wu’s analytical solutions [10]. Numerical solutions and 

comparing are shown Figures 2-7. Whereas obtained solutions in this study are shown with symbols, referents solutions are 

shown by lines in all figures.  

Fig. 2 exhibits the dimensionless hoop stress distribution  𝜎𝜃̅̅ ̅  of the fin versus the dimensionless radius ζ for 

different value of N at τ = 0.5, ω = 0.5 and R = 2. Dimensionless hoop stress decreases at until the value of dimensionless 

radius parameter ζ is 1.3-1.4. There are compressive stresses in this region. After this region there are tensile stresses. 

Before this region, increasing N parameter causes increasing compressive stresses. However after this region increasing N 

parameter causes increasing tensile stresses.   

 

 
Fig. 2: Dimensionless hoop stress distribution for different N values at τ = 0.5, ω = 0.5 and R = 2. 

 

The dimensionless temperature distribution φ of the fin versus the dimensionless time parameter τ for different value 

of N at ζ = 1, ω = 0.5 and N = 2 is shown in Figure 3. All dimensionless temperature value for different R is equal till the 

dimensionless time parameter value τ is 0.15. Dimensionless temperature decreases after this value. Moreover 

dimensionless temperature increase till the τ = 0.3, after this point temperature decreases.  
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Fig. 3: Dimensionless temperature distribution for different R values at ζ = 1, ω = 0.5 and N = 2. 

 

The dimensionless temperature distribution φ versus the dimensionless time parameter τ for different value of R at 

ζ=R, ω = 0.5 and N = 2 is viewed in Figure 4. We can infer from the figure that increasing R values causes to decreasing 

temperature values. Temperature value is generally highest where the dimensionless time parameter τ is 0.7 and after this 

point temperature decreases.  
 

 
Fig.4: The dimensionless temperature distribution for different R value at ζ = R, ω = 0.5 and N = 2. 

 

The dimensionless  temperature distribution φ of the fin versus the dimensionless time parameter τ for different N 

value at ζ = 1, ω = 0.5 and R = 2 is shown in Figure 5. We can infer from the figure that increasing N values causes to 

decreasing temperature values. 
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Fig. 5: The dimensionless temperature distribution for different N value at ζ = 1, ω = 0.5 and R = 2. 

 

The dimensionless temperature distribution φ of the fin versus the dimensionless time parameter τ for different N 

value at ζ = R, ω = 0.5 and R = 2 is shown in Figure 6. Increasing N values causes to decreasing temperature values. 

 

 
Fig. 6: The dimensionless temperature distribution for different N values at ζ = R, ω = 0.5 and R = 2. 

 

The dimensionless temperature distribution φ of the fin versus the dimensionless time parameter τ for different N 

values at ζ = (1+R)/2, ω = 0.5 and N = 2 is shown in Figure 7. We can infer from the figure that increasing R values causes 

to decreasing temperature values. Temperature value is generally highest where the dimensionless time parameter τ is 0.6 

and after this point temperature decreases.  
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Fig. 7: The dimensionless temperature distribution for different R value at 𝜁 = (1+R)/2, ω = 0.5 and N = 2. 

 

4. Conclusion 
Temperature and stress distributions are shown in graphics. Numerical results that obtain for all situations are 

presented. Additionally obtained solutions are coincided with the analytical Shang-Shen Wu [10] solutions. 

We can summarize the results like followings from this study:  

1. Temperature of the fin increases in progress of time. However temperature begins to decrease after the approaching 

highest temperature and finally temperature reaches steady state.  Whereas all stresses are compressive between the 

midpoint and inner radius, all stresses are tensile in the other regions. 

2.  In spite of the increasing of the dimensionless outer radius R and the dimensionless inner radius 𝜁, temperature 
values decrease. If we examine the dimensionless hoop stress  𝜎𝜃̅̅ ̅ , we can see that increasing the dimensionless outer 

radius R causes high stress in compressive region but it causes low stress in tensile region.  

3. Increasing of the dimensionless N parameter causes decreasing temperature of fin. Because higher N value means 

that higher heat transfer ratio, so that more heat transfer from fin surface is occurred. 

4. In this study, applying Laplace transform to time dependent differential equation and then applying the modified 

Durbin’s inverse Laplace transform method, considerable and effective solutions are found with comparing the analytical 

solution in literature.   

 

Nomenclature 
a : Outer radius of the fin (m) 

b : Inner radius of the fin (m) 

𝜁 : Dimensionless radius (r/a) 

R : Dimensionless outer radius (r/b) 

φ : Dimensionless temperature of the fin 

𝝈𝒓̅̅ ̅ : Dimensionless radial stress 

𝝈𝜽̅̅̅̅  : Dimensionless tangential stress 

𝜹 : Thickness of the fin 

N : Dimensionless parameter (N2=2ha2/kδ) 

t : Time 

Lk : Lanczos factor 

τ : Dimensionless time 
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h : Heat transfer coefficient 

k : Thermal conductivity of material of the fin 

ρ : Density (kg/m3) 

c : Specific heat of material of the fin (J/gr.K) 
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