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Abstract - An SMC with a conditional integrator for pitch control with velocity regulation as a secondary objective for a mini UAV is
discussed in this paper. For controller design, the longitudinal dynamics of the mini UAV are decomposed into its phugoid mode and
short period mode approximations. The controller design is based on the linear model however for implementation purpose nonlinear
model of longitudinal dynamics of the mini UAV is used. The robustness of the controller to disturbances because of model
uncertainties and external sources are shown through extensive simulations. The results, especially the transient response shows that
this controller outperforms the controller based on conventional integrators.
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1. Introduction

A UAYV is a highly nonlinear system with complex dynamics [1]. A number of techniques have been introduced to
deal with the motion of the UAVSs. Traditionally the flight control system is designed by linearizing the aircraft dynamic
model at numerous flight conditions and varying the control parameters or gains with respect to these flight conditions [2].
Different multivariable techniques including the structured singular value p-synthesis, H., control, linear parameter
varying technique (LQR/LQG) and output feedback linearization[3,4] have been used for designing control for such
systems. The performance and stability of these gain scheduled approaches can be assured by the analytical frameworks
developed in [5], However, the major drawback is, the performance of these controllers degrade because of external
disturbances and model uncertainties. We need flight control system to be robust to model uncertainties and external
disturbances. The design of robust control for the UAVs is still an open problem for research. For the improvement of
robustness different nonlinear controller design have been proposed such as, dynamic inversion model described in [6],
another technique that combines online adaptive neural network with model inversion control is described in [7]. Based on
back stepping and neural network a nonlinear adaptive design is described in [8].In the recent past, SMC has been studied
as a robust control for systems that are subjected to external disturbances and have model uncertainties [17].

Though SMC has good robustness but has some performance issues remedy of the problem is well-known
replacement of the signum (sgn) function with saturation (sat) function as discussed in [12], however, saturation function
induces a constant steady state error while eliminating the chattering phenomenon. To tackle this problem online parameter
estimation can be deployed. Such as the design of adaptive SMC, one such technique employed for the pitch rate tracking
of UAV is discussed in [9].Instead of gain scheduling that is employed in [10], this paper presents an approach for the
design of a robust SMC with the capability to eliminate the steady-state error by using the integral action conditionally.
The standard integral action introduces a degradation in the transient performance, to overcome that [13] has presented
conditional integrators. That specific approach has been adopted in this paper for the pitch rate control design of a
customized mini UAV whose design has been carried out such that optimization of the endurance is achieved pertinent
details can be found in [18]. The advantage of using this method is that it provides the integral action only conditionally,
which effectively eliminate chattering without degrading the response (both transient and steady state) of the system. The
resulting controller is a simple high gain PI controller with anti-wind off integrator followed by saturation.
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The design of the controller is based on a simple linear model however for performance assessment, we will use the
full nonlinear longitudinal model of the UAV. The longitudinal model of the UAV on which the performance of the
controller is assessed is highly nonlinear MIMO system with uncertain parameters. Through extensive simulations, it is
shown that this controller outperforms the stander SMC as well as the conventional integral based SMC.

The rest of the paper is organized as; section 2 explains the longitudinal model of the aircraft in section 3 the control
design for the pitch rate of the aircraft is discussed, in section 4 the results obtained through simulations are discussed
followed by the conclusion section.

2. Mathematical Model
2.1 UAV’s Equation of Motion

In order to obtain the mathematical model for the decoupled nonlinear longitudinal equation of motion of a UAV, we
will assume that the side slip angle 8 and and roll angle @ to be zero i.e the undisturbed flight is aligned with the wind axis.
Considering no thrust vectoring the 3-dof longitudinal model can be written as [14],

V= an—c_g [Crq(@) cos(@) + C,q(a) sin(a)] — gsin(0 — a) + Lal [Cx(a, 8,) cos(a) + C,(a, 8,) sin(a)] +%C05(a), 1)
@=q [1 t s Vz € (Cog(@)c0s(@) = Cyq@) sm(a))] I [62(0,,) cos(@) — €@, 5,) sin(@)] + 5 cos(0 — @) _%Sm@ @
6=q ®)

= o [ (@) + AC, @]+ 77 [ (@, 80) +2C,(a,6.)], @)

where a is the aircraft angle of attack, g is the pitch rate, T is the thrust generated, g is dynamic pressure, g represents
the earth’s gravitational acceleration, C,, is pitching moment coefficient, C, and C, is aerodynamic force coefficient along z
and x-axis respectively. Cy,, C,q and Cpq represents the change in C, C; and C, w.r.t to the pitch rate ‘q’.

In compact form, the equation (1...4) can be written as follow,

x=fx)+g@®u,

(5)
y = h(x),

where x = [V, a, 8, q]" is the state vector,u = [§e,T]" is input and y = [q] is the output. for the purpose of designing the
controller we will divide the longitudinal dynamics of the model into its short period and phugoid mode however for the
simulation we will always use the full nonlinear model.

The aerodynamics data for this model will be approximated using methods given in [15], for this purpose we will
express all the coefficients in terms of their arguments, in body axis system they are given as,

Cy(a,6e) = —CpL=—(Cpp+ CLg a + Cpse Ge)
Cy(@,8,) = — Cpo = —(Cpo + KCZ + Cpse Se)
Cn = Co + Cg® + Cipse €

6Cz(a8 ) _ 6CL _
zq( )_ < aq - CL,q

6Cx(a 8e) aCD =2KC,C q+2KC}, 5¢C1q .

Cu(®)=

where C,q is the Lift coefficient when a =0, C,, and C,,,, represents the lift curve and pitching moment curve slope w.r.t
a. Cpo and C,y,, represent the drag and pitching moment coefficient respectively when the lift generated by the aircraft is
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zero. Cp 4, g represents the variation of the lift coefficient and pitching moment w.r.t the pitch rate . Cy,5, and Cpse
denotes the variation in pitching moment and drag coefficient w.r.t the elevator deflection de.

2.2. Linearizing the Aircraft Equation of Motion
For linearization of the aircraft’s equation of motion, we will assume that there is a small disturbance A in the input,
states and the output such that,

~

Au=u—11, Ax=x—Xand Ay=y—7, (6)

where X, u and y are as defined previously,
For any equilibrium input 4, there is an equilibrium state x, which satisfies the following condition,

f(x,a) =0. (7)

This will result in the linear approximation of the system i.e. into its short period and phugoid mode approximation as
given [15],

al _[411 Q2] [@ b4

[C'I] - [‘121 azz ] [q] + [bz]u ®)
V] _[931 a32|[V b3]
[9] - [‘141 Q42 ] [9] + b, u ©)
The former is known as the short period approximation and the latter as the phugoid approximation. the constants
a41...a4; for the short period an ugiod mode of the mini were found using the methods given in and are
11---Qy4 for the short period and phugiod mode of the mini UAV found using th hods gi in [15] and

listed in table 1. The physical insight of these approximation shows that the short period mode is excited by the elevator
input while the phugoid mode is excited by the thrust input to the system. Using the decoupling in expression (8 - 9) it is

obvious that we can use the elevator deflection as a control input for tracking of the pitch rate command, while for
regulation of velocity we will use the thrust as a control input.

Table 1: System Parameters for the short period and phugoid mode.

Parameters values Parameters values
a; —9.61069 asq -0.118338
a, 2.02931 as, -0.72663
ayq -10.8428 asq 1.3586
ay, 13.589 [ 0

by 0.78169 b, -0.0238
b, —30.1436 b, -4.6577

3. Control Design

The main objective of this paper is the design of control law which will enable the mini UAV to track desired pitch
rate and velocity. Let gq and vy be the desired pitch rate and velocity respectively, e be the error between the desired and
estimated state then,

€1=0-0q, €,=V-Vg4 (10)

Form [16] we know that the sliding surface s for the n™ order nonlinear system can be defined as,
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s=(L+k)" e, (1)

where k > 0 is a constant, n represent the order of the system. Here the equations of motion are represented as first-order
differential equations so the surface s in our case would be,

s= ke. (12)
where the constant vector k = [k, k,] > 0,errore = (e; ;)T and s = (s; s,)T. By defining an appropriate control law
which will retain the states of the system on the sliding surface it can be ensured that the error will asymptotically reach

zero. In order to define a control law for the given purpose, we will use the Lyapunov direct method. A candidate
Lyapunov function for this is,

— 1 T
V=g (13)
Differentiating equation (13) w.r.t time will give,
S,
V=s's, (14)

substituting values of s in equation (14) results in,

~ q—4a
v=st(] "0
S v — v, (15)
Now substituting values of gand v in equation (15) results in,
. a1 + ay,q + byU; — g
V= ST< 21 224 2U2 C.Id) (16)
az1V + az,0 + b Uy — vy

For the system to be asymptotically stable V < 0, now we need to define a control law such that this condition is
satisfied. For this condition to be satisfied the resulting control law consist of two parts, one which will cancel out the
nominal terms known as the equivalent control law (U; 1, U, 1) and the 2" part (Uy,2, Uy ») known as switching control law
will take care of the uncertain terms. For our design, these laws are as given,

K ) k )
Uy =Uj1+ U, = _b_i (az1v + az0 —vy) — b_i(a31v + as,0 — vg) sgn(sy)
k, _ k, - (17)
Upy=U;, + Uy, = —b_z(azﬂl’ +az29 — qq) — b_z(a21a + az,q — qq)sgn(sz)

This choice of the control law guarantees that s will converge to zero and will remain there for all the future time
which in turn ensures that the error e will asymptotically converge to zero.

One way to simplify this controller design is that to make the coefficient of the switching term of both U; and U,
constant [13] thus the resulting control laws are,

K
U, = _b_l(a3117 + 03,0 — vg) — b_159n(51)
" ! (18)

K
Upy== —b—j (az1a + azyq) — b_§59n(52)
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Substituting this value of U; and U, in equation (16) will result in V < 0 which is the condition that needs to be
statisfied for a system to be asymptotically stable, in addition , this condition ensures that the error converges to zero which
means that the system will asymptotically track the desired pitch rate and velocity.

Any SMC designed with this control law is known as ideal SMC. The main problem with this design is chattering
because of its discontinuous nature. One way to eliminate chattering is to replace the sgn(.) (sign function) with sat(.)
(Continuous saturation function) which leads to the steady-state error as will be shown in the simulations. To deal with the
problem of steady-state error the sliding surface s is augmented by an integrator which is driven by the error function e, the
resulting sliding surface s is given as,

s=k,o + e, (19)

where ko = (ko1 kg,)>0and 6 = e.

Augmenting SMC with conventional integrator will remove the steady-state error at the cost of degradation in
transient response. In order to improve the transient response as well as the steady-state response of the system, we will use
the technigque of augmenting SMC with conditional integrator introduced in [13]. The sliding surface will be the same as
defined in expression (19) however the integrator design will be modified as given,

(Sat(51/.u1))

20
sat(sy/uz) (20)

d-: _k00-+

where u = (i1 4y) > 0. Using expression (19) and (20) it is obvious that inside the boundary layer when {|s|<u}then
0 = —kyo + s = e, which in turn implies that at equilibrium e will be zero, which means that integral action is applied
only conditionally.

4. Results and Simulations

In this section, we will present the results obtained through simulations by applying the proposed control law. Though
the law designed is based on the linear model but for simulation, we have used the nonlinear model of mini UAV given by
expression (1...4). A summary of the customized mini UAV physical parameters is given in [18] is,

Table 2: Physical parameters of the mini UAV.

Parameter Value unit
Weight 3.8 Kg
Span 2 M
MAC 0.2401 M
Wing surface area 0.4802 M?
Moment of inertia I, 0.16 Kgm?

The initial condition for the state variables are v(0)= 16.57 m/sec, a(0)= 5.4° 6(0)=0 and q(0)=0.To clearly
demonstrate the statement that conditional integrator based SMC outperform the ideal and integral based SMC we will
consider two different cases and will then compare the results obtained by simulation. For the complete simulation process
we have used Kqy=15, K;= 160, K=20, K,=700, g= 3 deg/sed with two different values of x (1 and 0.1) and 0.1) for a pitch
rate (q) of 3 deg/sec.

Case |- Tracking the desired signal when there is no external disturbance i.e the effect coming from external
disturbance is zero.
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Fig. 1: Tracking error when p =1.

Figure 1 shows the error in tracking the desired pitch rate, it is clear that the transient, as well as the steady-state error
in case of the ideal SMC with saturation function, is more as compared to conventional integral based SMC which has zero
steady-state error, however the transient response of the conventional integrator is degraded as compared to that of
conditional integral based SMC having zero steady state error.
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=001
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Conditional SMC
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Conventional Integral SMC |

~0.03

Fig. 2: Tracking error when p =0.1.

By decreasing the value of p these errors can be reduced as shown in figure 2 however this reduction in the value of p
leads to chattering in case of ideal SMC and conventional integral based SMC as is shown in figure 3. It is clear from the
same figure that the response of the conditional integral based SMC is insensitive to change in the value of p.

Case II- when the system is affected by external disturbances.

In order to show the robustness of the designed controller to the external disturbances, an external disturbance d(t)
given by equation (23) is added to the system.

d(t) =sin(2t+m) + 2 (23)

35

25

Conditoinal Integral SMC
1 [ [ ' [ I standerd SMC
05— | | I | ! Conventional Integral SMC

1] 1 2 3 4 5 -] 7 8 9 10
Fig. 3: Control input when p =0.1.

The response curve for tracking the desired pitch rate of the three mentioned controller is shown in figure 4. From this
figure, it is clear that the performance of the conditional integrator based SMC has improved as compared to integral based
and standard SMC.
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Fig. 4: Tracking of the desired pitch rate in presence of external disturbances with p =0.1.

Finally, figure 5 shows the performance of the designed control law to track the desired velocity vq4 in the presence of
disturbances and system nonlinearities.

16.2 -

Conditional Integral Based SMC
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Fig. 5: Velocity tracking using the PI controller.

15.8

5. Conclusion

In this paper, we have augmented SMC with a conditional integrator for tracking the pitch rate command for a mini
UAYV. The conditional integrator allows us to eliminate the steady state error without degrading the transient response of
the system, by introducing the integral action conditionally. The design of the conditional integrator based SMC exploits
the short period mode of the linearized longitudinal dynamics of the mini UAV. The simulation results show that the
transient response of the SMC augmented with a conditional integrator is improved as compared to that of an ideal and/or
integral based SMC. Also in case of Conditional integrator decreasing the value of p reduces the error but without
introducing the chattering.
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