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Abstract - In this paper, applying the conjugate gradient method to solve the linear optimal control problem is discussed. In the
optimization theory, the conjugate gradient method is an efficient computational approach for solving the unconstrained optimization
problem, specifically, for quadratic case. Since the linear optimal control problem consists of the quadratic cost function and the linear
dynamical system, the practical application of the conjugate gradient method to this kind of problem would be addressed. In our study,
the necessary conditions for optimality for the linear optimal control problem are highlighted. Then, the equivalent optimization problem
is formulated and the gradient function, which is given by the stationary condition, is evaluated. On this basis, the search direction, which
satisfies the conjugacy, is determined definitely. During the iterative procedure, the control sequence is calculated such that the state
sequence could be obtained. Once the convergence is achieved, the optimal solution of the linear optimal control problem is obtained.
For illustration, the optimal control of damped harmonic oscillator is discussed. The results obtained show the efficiency of the approach
used. In conclusion, the application of the conjugate gradient method to linear optimal control problem of the damped harmonic oscillator
is highly presented.
Keywords: Conjugate Gradient Method, Linear Optimal Control, Necessary Conditions, Iterative Procedure, Damped

Harmonic Oscillator

1. Introduction
Optimal control is a branch of applied mathematics and control engineering. The applications of the optimal control,
which cover the real world applications, have been well-defined in the literature [1], [2]. Both linear and nonlinear models
in the optimal control problem attract the interest of researchers in optimizing and controlling the dynamical system [3]. The
linear optimal control, which is known as the linear quadratic regulator, is a standard calculation procedure, and the existing
of the optimal solution is guaranteed definitely [4], [5]. However, the use of the linear optimal control and the corresponding
optimal solution are still providing a potential exploration in the real practical applications.
In this paper, the conjugate gradient method, which is an efficient technique [6] for solving the unconstraint optimization
problem, is proposed to handle the linear optimal control problem. By virtue of this, the Hamiltonian function is defined, and
the corresponding first-order necessary conditions are derived. It is important to emphasize that the stationary condition,
which is referred to generate the optimal feedback law, represents the gradient function as an equivalent optimization problem
is defined [7], [8]. On this basis, the search direction is determined and the conjugacy property is ensured [9]. During the
iterative procedure, the control sequence is updated through the line search calculation, in turn, to produce the optimal state
trajectory [10]. Once the convergence is achieved, the optimal solution of the linear optimal control problem is obtained. For
illustration, the optimal control of damped harmonic oscillator is investigated. As a result, the efficiency of the approach
used is highly demonstrated.
The paper is organized as follows. In Section 2, the problem description on the linear optimal control is given. In Section
3, the conjugate gradient approach is discussed. From the necessary conditions of the linear optimal control problem, the
stationary condition represents the gradient function for an equivalent optimization problem formulated. In Section 4, the
illustration on the optimal control of a damped harmonic oscillator is studied. Finally, some concluding remarks are made.
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2. Problem Description
Consider the following linear optimal control problem [2], [3],
N 1

min J (u ) 
u



1
1
x( N )T S ( N ) x( N ) 
( x(k )T Qx(k )  u ( k )T Ru ( k ))
2
2 k 0

subject to

(1)
x(k  1)  Ax(k )  Bu(k ) , x(0)  x0

where u (k )  m , k  0,1, , N 1, and x(k ) n , k  0,1, , N , are, respectively, the control sequences and the state
sequences, whereas A is an n  n transition matrix, B is an n  m control coefficient matrix, S ( N ) and Q are n  n
positive semi-definite matrices, and R is a m  m positive definite matrix. Here, J is the scalar cost function and
x0 n is the initial state.
This optimal control problem, which is referred to as Problem (P), is a discrete-time linear quadratic regulator
problem with the linear dynamical system and the quadratic criterion cost function [3], [4]. Solving this optimal control
problem involves solving the two-point boundary-value (TPBV) problem, where the calculation procedure is
complicated to obtain the optimal solution [5]. Moreover, determining the optimal control law requires more
computational efforts on computing the Riccati solution and the feedback gain in which the feedback state control could
be obtained in linear of the state variable. By virtue of this, in this paper, we suggest to apply the conjugate gradient
approach to solve this optimal control problem.

3. Conjugate Gradient Computation Approach
Now, let us define the Hamiltonian function as follows,
1
H (k )  ( xT (k )Qx(k )  u T (k ) Ru(k ))  p T (k  1)( Ax(k )  Bu(k )) .
2

(2)

Then, the augmented cost function becomes
J 

N 1
1 T
x ( N ) S ( N ) x( N )   ( H (k )  p T (k  1) x (k  1)) .
2
k 0

(3)

By considering the initial and terminal conditions for the costate, the augmented cost function given by (3) can be
rewritten as
J 

N 1
1 T
x ( N )S ( N ) x( N )  p T (0) x(0)  pT ( N ) x( N )   ( H (k )  p T (k ) x(k )) .
2
k 0

(4)

Applying the concept of the calculus of variation [4], [5], the necessary conditions for optimality are obtained as
follows:
(a) Stationary condition:
0

H (k )
 Ru(k )  BT p(k  1)
u(k )
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(5)

(b) Co-state equation:
H (k )
 Qx(k )  AT p(k  1)
x(k )

(6)

H (k )
 Ax(k )  Bu(k )
p(k  1)

(7)

x(0)  x0 and p( N )  S ( N ) x( N ) .

(8)

p( k ) 

(c) State equation:
x(k  1) 

with boundary values

Define the discrete-time linear optimal control problem given by (1) as an optimization problem, which is referred to as
Problem (Q), as follows:
Minimize J (u) subject to u  [u(1), u(2), , u( N 1)] .

(9)

Suppose the gradient function g is defined by

 

g u  i   u H  k  ,

(10)

which is given by (5). For arbitrary initial control u(0) m , the initial gradient g (0) and the initial direction d (0) are given by

 

g  0  g u  0 and d  0   g  0 .

(11)

To update the control sequences, applying the following linear search equation [6], [7],
u i 1  u i    i  d i  ,

(12)

where i  is the step size and its value can be calculated by solving the one-dimensional minimization to give
i  arg min J (u (i )    d (i ) )
 0

(13)

After that the gradient g and the direction d are updated, respectively, by



g i 1  g ui 1



(14)

and
d i 1   g i 1  i d i 

with the step-size  given by
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(15)

i 

g  i 1 T Qd  i 
d   Qd  
i T

i

(16)

for i = 0,1,2,… represents the iteration numbers.
From the discussion above, we summarize the calculation procedure as an iterative algorithm as follows.
Iterative Algorithm
Data Choose the arbitrary initial control u (0) . Compute the initial gradient g (0) and the initial direction d (0) from (11).
Set i  0.
Step 1 Solve the state equation (7) forward in time from k  0 to k  N with the initial condition x(0)  x0 to obtain x(k )i ,
k  0,1, , N.
Step 2 Solve the costate equation (6) backward in time from k  N to k  0 with the boundary condition p( N )  S ( N ) x( N ),
where p (k )i is the solution obtained.
Step 3 Calculate the value of the cost functional J (u (i ) ) from (1).
Step 4 Determine the step size i from (13).
Step 5 Update the control u (i 1) , the gradient g (i 1) , and the direction d (i 1) , respectively, from (12), (14) and (15) with i
from (16). If the gradient g (i 1)  0, stop, else set i  i  1, go to Step 1.
Remarks:
(a) The gradient of Problem (Q), u J  u  is equivalent to the gradient of Problem (P), u H  k  . Once the convergence is
reached, u J  u   u H  k  and the stationary condition (5) is satisfied.
(b) In Steps 1 and 2, the state sequences and the costate sequences are calculated to ensure the necessary conditions (7) and
(6) are satisfied.
(c) The control sequences are computed in such a way that the open-loop control sequences could be generated tractably.
(d) By using the approach proposed, it is verified that the conjugacy is satisfied.

4. Illustrative Example
Consider the system dynamic of a damped harmonic oscillator [5], given by
x  2 x  2 x  u

(17)

which can be written in the state equation form as
 0
x 2
 

1 
 0
 x   u
2 
1

(18)

with the natural frequency  and damping ratio  . Taking the discretization on the system dynamics with the sampling
time t , the state equation becomes
x(k  1)  Ad x(k )  Bd u(k )

(19)

where Ad  e At and Bd  (e At  1)  A1  B . By setting the sampling time t  0.65 seconds, the natural frequency   0.8 and
the damping ratio   0.1 , the discrete-time state equation is written by
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 0.87226 0.58990 
 0.19959 
x(k  1)  
 x( k )  
 u (k )

0.37754
0.77788


 2.15240 

(20)

for k = 0, 1, 2, …, 19. Let us associate this state equation with the performance index defined by
J (u ) 

1
1 N 1
x( N )T S ( N ) x( N )   (x(k ) T Qx(k )  u (k ) T Ru (k ))
2
2 k 0

(21)

where S(N), Q and R are the weighting matrices. Here, the aim is to determine the optimal control law u (k ) such that the
performance index J is minimized over the state equation with the initial state x(0)  x0 .
This problem, which is referred to as Problem (P), is the linear optimal control problem of damped harmonic oscillator.
Now, using the approach discussed in Section 3 to solve Problem (P), where the weighting matrices and the initial state
are, respectively, given by
S ( N )  I 22 ; Q  0.1I 22 ; R  1 ; N  20 ; x0  (10 10)T .

(22)

The GNU Octave 4.4.0 is used to implement the approach proposed. When the iteration is terminated, the simulation
result, which is shown in Table 1, is obtained. The trajectories of control, state and costate are shown, respectively, in Figures
1, 2, and 3. The optimal control regulates the solution of the damped harmonic oscillator tends to zero and assists the system
dynamics reach to a stable behaviour. It is claimed that the optimal solution is obtained once the stationary condition, which
is shown in Table 4, is satisfied numerically.
Table 1: Simulation result

Number of Iterations
133

Optimal Cost
39.898782

Elapsed time (s)
4.27056

Fig. 2: Trajectory of state

Fig 1: Trajectory of control
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Fig. 4: Stationary condition

Fig. 3: Trajectory of costate

5. Concluding Remarks
The use of the conjugate gradient method in solving the linear optimal control problem was discussed in this paper.
The first-order necessary conditions for the linear optimal control problem were derived, and the equivalent optimization
problem was formulated. Here, the gradient function, which is represented by the stationary condition, was evaluated.
By using the line search calculation, the search direction was generated and the conjugacy was determined. The optimal
control of the damped harmonic oscillator was demonstrated, and the results obtained showed the efficiency of the
approach proposed. In conclusion, the applicability of the approach proposed for solving the linear optimal control
problem is highly presented.
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