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Abstract - For many studies concerning foundation, such as rails and pavements, the mechanism for energy dissipation within a
foundation is considered only to be by viscous behaviour. It is generally considered however that dissipation of energy in soil-type
foundations takes place, in the main, due to internal friction damping, known as hysteretic damping. Also quite often the simpler EulerBernoulli beam formulation is used, hence excluding the effects of shear rigidity and radius of gyration of the beam. In this work by the
use of the Timoshenko beam formulation these effects are included as it the use of a two-parameter hysteretic damped foundation. The
investigation includes when the beam experiences a moving load with constant or harmonic amplitudes. Hamilton’s principle is used to
formulate the two governing equations when are then transformed into two algebraic equations by uncoupling and the use of a double
Fourier transform w.r.t. moving space and time. The beam deflection is obtained using inverse fast Fourier transform and the solutions
obtained are compared with bot Winkler and Pasternak foundation results found in the literature. Calculations are made which
investigate the effect of the spatial distribution of the loading and the effects of the beam and foundation properties on the deflected
shape, the maximum displacement, critical frequency and the velocity. The results can be used to assess performance and safety aspects
of railway and highway structures.
Keywords: Timoshenko beam, moving load, hysteretic damping, vibrations.

1. Introduction
The topic of moving loads on beams resting on foundations has been studied at length but is still attracting a lot of
attention because of the development of very-high speed and capacity vehicles in the mass transportation sector. Also most
of the studies found in the literature consider the damping of the foundation to be viscous as opposed to hysteretic, even
though hysteretic damping is generally accepted as a major energy dissipation mechanism in soils [1], hence making this
type of damping more suitable for modelling foundations. It is also noticeable that studies tend to prefer the simpler EulerBernoulli beam one-equation formulation [2-4] so ignoring shear deformation and rotational inertia.
In addition to studies involving the Euler-Bernoulli formulation and moving loads, others have been carried out using
Rayleigh [5], shear [1] or Timoshenko [6-7] formulations, while the foundation has been idealized as Winkler [3], Kelvin
[8] or Pasternak [9]. It is important to recognise that the moving load should have a variable amplitude in that the moving
loads created by vehicles will have variations in amplitude with time due to many factors such as the roughness of the rail
or pavement surface and the mechanical systems of the vehicles.
The objective of this paper is to discuss the dynamic response of a Timoshenko beam on an elastic foundation with
hysteretic damping subjected to a moving constant loading and a harmonic moving loading. The two governing equations
for the beam/foundation system are formulated using the double Fourier transform with respect to moving time and space.
Analyses are then perform to investigate the effect of load distribution, radius of gyration and shear rigidity on the
deflected shape, maximum deflection, and critical frequency and velocity.

2. Formulation and Transformation
A Timoshenko beam of infinite length resting on a two-parameter foundation with hysteretic damping and subjected
to an arbitrary moving load moving in the positive 𝑥 direction with a velocity 𝑣 is shown on Fig. 1
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Fig. 1: Infinite Timoshenko beam resting on a two-parameter foundation with hysteretic damping and subjected to an
arbitrary moving load.

The vertical displacement and bending rotation of the beam are 𝑤(𝑥, 𝑡) and 𝜗(𝑥, 𝑡) respectively and according to
the Hamiltonian principle and Timoshenko beam theory the governing equation of the system can be derived as [7]
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where 𝐸 is Young’s modulus, 𝐼 is the cross-sectional moment of inertia, 𝜌 is density, 𝐴 is cross-sectional area, 𝑆(≡ 𝐺𝑘 ∗ 𝐴)
is the shear rigidity of the beam, 𝐺 is the shear modulus of the beam, 𝑘 ∗ 𝐴 is the effective shear area, 𝑟(≡ √1⁄𝐴) is the
radius of gyration of the beam, 𝑘𝑤 is the stiffness of the foundation per unit length, 𝑘𝑝 is the foundation shear coefficient
per unit length, 𝐷 is the damping ratio and 𝑞(𝑥, 𝑡) is the external load per unit length. The arbitrary moving loading can be
defined as
𝑞(𝑥, 𝑡) = 𝜙(𝑥 − 𝑣𝑡)𝑞𝜙 (𝑡)

(3)

where 𝜙(𝑥 − 𝑣𝑡) is the spatial distribution of the load and 𝑞𝜙 (𝑡) is the time history of the load. Also it should be noted that
the shear force 𝑄(𝑥, 𝑡) can be defined as
𝜕𝑤(𝑥, 𝑡)
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A moving coordinate system is now introduced as 𝜂 = 𝑥 − 𝑣𝑡, 𝑤
̃(𝜂, 𝑡) = 𝑤(𝑥, 𝑡), 𝜗̃(𝜂, 𝑡) = 𝜗(𝑥, 𝑡), where 𝑤
̃ and
𝜗̃ represent the displacement and the rotation of the beam in the moving coordinate system, respectively.
The governing equations can now be written as
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The double Fourier transform pair 𝑓(𝜂, 𝑡) and 𝐹(𝑘, 𝜔) are defined as
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where 𝑘 is the transformed domain of moving space and 𝜔 is the transformed domain of time.
On applying the double Fourier transform (Eq. 7) to Eqs. (5) and (6) gives the algebraic equations
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where Φ(𝑘) is the spatial distribution of the load in the transformed wavenumber domain and 𝑄(𝜔) is the time history of
the loading in the transformed frequency domain.
̃ (𝑘, 𝜔) can be eliminated from Eqs. (9) and (10) and an expression for
Using the software package Mathematica Θ
̃ (𝑘, 𝜔) can be found as
𝑊
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where the coefficients are
𝑐1 = 𝑆 − 𝜌𝐴𝑟 2 𝜔2;
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(12)

Applying the double inverse Fourier transform Eq. (8) to Eq. (11) gives the following expression for beam
deflection
∞

∞
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−∞ −∞

As this study includes steady-state vibration and the loading is in harmonic form of frequency Ω with say an
amplitude of Λ the beam deflection can be expressed as
∞
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∫
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(14)

−∞

where the integral is a frequency response function of the system that depends on the loading frequency and properties of
the beam and foundation. It should be noted that the closed form of this integral is not always available as the characteristic
equation roots cannot sometimes be given in analytical form. Usually the integral is found using IFFT. Also it should be
noted that when 𝑟 = 0, 𝐷 = 0, and 𝑆 → ∞ then the problem reduces to an Euler-Bernoulli beam formulation on a Winkler
foundation.

3. Numerical Results
In this section validation of the calculation method is first investigated following by solutions involving the effect
of load distribution, radius of gyration and shear rigidity on the deflected shape, maximum deflection, and critical
frequency and velocity.
3.1. Validation
Validation of the current method of solution is first made by comparing with a simplified case [2] where the
system is reduced to an Euler-Bernoulli beam formulation resting on a Winkler foundation under a moving point load.
The point load is obtained by reducing the width of the loading to infinitely small. As given by Ref. [1] the properties
of the beam are 𝐸𝐼 = 363.35 kN m2 and 𝑚 = 297.5 kg/m, and for the foundation the stiffness was 𝑘𝑤 = 77.17 MPa.

Fig. 2: Comparisons with the results of Ref. [2] for the deflection of an Euler-Bernoulli beam formulation resting on a
Winkler foundation and under a moving point load.
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The critical velocity of the reduced system [10]
2
𝑉𝑐𝑟0 = √ 4√𝐸𝐼𝑘𝑤
𝜌𝐴

(15)

is 188.68 m/s. For comparison three velocities, 0, 94.34 and 226.42 m/s are used corresponding to 𝛼 = 0, 0.5 and 1.2 as
described in Ref. [2]. As can be seen from Fig. 2, the current solutions correspond well with those found previously.
3.2. Effect of Load Distribution
Two load distributions were investigated both idealised, with one rectangular [1] and the other a triangular [11]. The
transformed wavenumber domain of the two distributions are

2Λ 𝑚 sin(𝑘𝑙⁄2)
,
𝑘
Φ(𝑘) = {
4Λ 𝑚 (1 − cos(𝑘𝑙⁄2))
,
𝑘2𝑑

rectangle
(16)
triangle

where Λ 𝑚 and 𝑙 are the maximum value of the load and the width of the load respectively. Taking the same case as in Sect.
3.1 with the exception of assigning 0.1 to 𝑟, 100 MN to 𝑆. Fig. 3 shows the deflection of the beam subjected to the two
types of moving load for a load frequency of 100 Hz, a velocity of 50 m/s and hysteretic damping set at 5%. It is clear from
the resulting plot that the differing load distributions have little effect on the deflection of the beam.

Fig. 3: Deflection of the beam for different load distributions for load frequency of 100Hz, 𝐷 = 5% and 𝑣 = 50 m/s.

3.3. Loading with Constant Amplitude
Again following Ref. [1] the properties of the load used here are 𝑙 = 0.1524 m and Λ 𝑚 = 262.5 kN/m. Eq. (14) is
solved with Ω=0 and the deflected shapes for different properties of the beam are presented followed by the effects of the
radius of gyration and shear rigidity on the critical velocity and maximum deflection.
As the beam is considered infinite, the deflection is identical at any time along the moving axis. Fig. 4 shows the beam
deflection for a velocity of 50 m/s which is lower than the critical velocity of the system. It can be seen that a symmetrical
distribution is calculated if no damping is present which is consistent with the findings of Refs. [1] and [5]. Also the
maximum deflection increases with decreased shear rigidity and increased radius of deflection, whereas the rest of the
beam deflection is almost not affected.
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Fig 4: Deflected shape of the beam under a constant loading and with 𝑣 = 50 m/s and 𝐷 = 0%.

The effects of the radius of gyration and shear rigidity on the critical velocity coefficient are shown on Fig. 5
where the critical velocity coefficient is defined as the critical velocity of the Timoshenko formulation divided by the
critical velocity of the Euler-Bernoulli formulation with the same foundation. It can be seen that the critical velocity
coefficient decreases with increased radius of gyration and with decreased shear rigidity and the critical velocity ration
is much more sensitive to the radius of gyration. The second figure on Fig. 5 shows the variation of the maximum
deflection coefficient with the radius of gyration and the shear rigidity. The maximum deflection coefficient is that of
a Timoshenko beam divided by that of an Euler-Bernoulli beam with the same foundation.

Fig 5: Effects of the shear rigidity and the radius of gyration on the critical velocity coefficient and maximum deflection
coefficient when the load is constant and moving.

It can be seen from Fig. 5 that the maximum deflection coefficient increases as the radius of gyration increases
and the shear rigidity decreases.
3.4. Harmonic Moving Load
Moving with a speed 𝑣 the maximum deflection due to the harmonic loading vs. the load velocity is shown on
Fig. 6 and Fig. 7 for the two frequencies 30 Hz and 100 Hz which straddle the critical frequency of the reduced system
which is 81 Hz. When the frequency is 30 Hz two critical velocities occur. Both of the critical velocities are lower that
found for the Euler-Bernoulli formulation (the solid line on the Figs.) but however it is clear that the corresponding
maximum deflections are higher. When the frequency is increased to 100 Hz the first critical velocity is difficult to
detect whereas the second critical velocity location remains clear.
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Fig 6: Maximum deflection vs. load velocity for 𝑓 = 30 Hz and 𝐷 = 10%.

Fig 7: Maximum deflection vs. load velocity for 𝑓 = 100 Hz and 𝐷 = 10%.

Fig. 8 shows the effects of the radius of gyration and shear rigidity on the critical velocity coefficient and the
maximum deflection coefficient.

Fig 8: Effects of shear rigidity and the radius of gyration on the first critical velocity coefficient and the maximum deflection
coefficient with regard to the first critical velocity with 𝑓 = 30 Hz and 𝐷 = 10%.

For this case the critical velocity coefficient is less than one and the critical velocity coefficient increases as both the
radius of gyration and shear rigidity increase. However change in the radius of gyration affects the critical velocity
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coefficient much more than changes in the shear rigidity. Also shown on Fig. 8 is the maximum deflection coefficient
with regard to the first critical velocity and its value is higher than one. The variation of the maximum deflection
coefficient is not monotonic w.r.t. radius of gyration and shear rigidity. The maximum deflection coefficient
strengthens when the shear rigidity is large and the radius of gyration increases but weakens when the shear rigidity is
small and the radius of gyration increases.
.

4. Conclusion
The vibration of an infinitely long Timoshenko resting on a hysteretic damped elastic foundation was investigated
under moving loads with either constant or harmonic amplitudes. The governing equations were transformed using a
doubled Fourier transform w.r.t. moving space and time to the wavenumber and frequency domains. The solution was
obtained by using IFFT. It was found that the effect of the spatial distribution of the load on the beam, for those
tested, was negligible. Also when the beam is subjected to a moving load with constant amplitude and the velocity is
lower than the critical velocity then the beam deflection is symmetric. When the beam is subjected to a harmonic
moving load two critical velocity coefficients are generated which significantly increase with the radius of gyration
and to a much less extent with increase in the shear rigidity.
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