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Abstract — This study presents a novel model for predicting the shear strength of fine-grained, coarse-grained, and mixed-grain soils in
direct shear tests. The model extrapolates shearing data to predict peak shear strength and displacement before the peak is reached, which
is essential for conducting multistage direct shear tests. Although frame shear tests are not element tests, the study demonstrates that the
shear stress-strain curve leading up to failure can be accurately approximated using the provided normalized hyperbolic function. The
model, developed based on 484 direct shear test results and subsequently validated, utilizes the parameters a and b of the hyperbolic
function, which are determined via a stochastic optimization algorithm to predict peak shear strength effectively.
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1. Introduction

Conventional direct shear testing typically requires three single-stage tests to determine a soil's shear strength, ideally
using identical soil samples. However, this process can be time-consuming and costly for coarse and, mixed-grained soils
due to the need for large-scale equipment and significant material consumption. The multistage direct shear test offers a more
efficient alternative for evaluating shear strength [1-6]. However, shear tests must be carefully managed, particularly in dense
soils, to guarantee accurate results and avoid damage to the shear zone. To prevent a reduction in shear strength in the shear
zone, it is important to apply different termination criteria for the first and second shear phases [1-6].

Preliminary studies and published results [1-6] indicate that stopping the shearing phase in the first and second stages
before reaching the peak state is essential for obtaining valid results in multistage tests. Strength components, such as
structural integrity, internal bonding, or dilatancy, may only be present during the first shear phase, leading to differences
when compared to multistage methods, where these components may no longer be present in subsequent phases [15]. As a
result, multistage tests are often avoided. However, investigations have shown that reducing mobilization during a shear
stage can minimize its impact on the peak shear strength measured in subsequent stages. The mobilization curve to failure
can be predicted before the actual failure occurs. Therefore, the test control must minimize sample perturbations and ensure
accurate peak prediction.

This study introduces a model designed to predict peak shear strength in direct shear tests, specifically developed for
application in multistage tests. The model was developed from 484 direct shear test results on 175 soils across 6 different
soil groups (GW, GP, GM/GC, SP, SM/SC, and CL) and is based on Kondner’s (1963) [7] hyperbolic function. The model
demonstrated predictive solid accuracy when compared to real test results.

2. Analysis of shear test behaviour

Kondner (1963) [7] introduced a hyperbolic function to approximate the stress-strain curves in conventional drained
triaxial tests. Duncan and Chang (1970) [8] later incorporated this approach into an elastoplastic material model, which has
since been adapted and extended in various forms (e.g., [11-14]). This approach describes the mobilization of deviator stress
(g) as a function of axial strain (g) using the following Eq. (1):
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where q is the deviator stress, 07 and g3 are the principal stresses, € represents the axial strain, and @ and b are
constants derived from regression analysis of experimental data.

As axial strain increases, the deviator stress reaches an asymptotic limit (q,) described by:

1

qq = (01— 03)q = gi’g(al —03) = b ()

where q,, is the asymptotic deviator stress, 07 and 03 are the principal stresses, and b is a constant as previously
defined.

The asymptotic deviator stress (q,) is related to the failure deviator stress (q) through the failure ratio Ry. A typical
value for Ry is 0.9, but for most soils, it falls between 0.75 and 1.0 [10]. The relationship is expressed as:

q (01 —03)
e e ®
f f

where g5 and (01 — a3) s represent the failure deviator stress, and Ry is the failure ratio, which is less than or
equal to 1.0.

The constant a in Eq. (1) is the inverse of the initial elastic modulus (E;) at the beginning of the shearing phase. By
substituting Egs. (2) and (3) into Eq. (1), the following expression is obtained:

£
1 €
E; * (01— 03) f “)
Ry
where q is the deviator stress, oy and o3 are the principal stresses, € represents the axial strain, E; represents
the initial elastic modulus, (g7 — g3) 7 is the failure deviator stress, and Ry is the failure ratio.

q = 0, —03 =

2.1. Application of the model to direct shear tests
Eq. (1) can be applied to direct shear tests by substituting the deviator stress (¢) with normalized shear strength

(Tnorm)» and axial strain (g) with normalized shear displacement (Sp yorm). In this context, T, represents the shear
strength at failure, and the subscript p denotes peak values. To fit the model to the experimental data, the shear stresses
(t) and shear displacements (S ) before reaching the peak are transformed as follows:

T
Tnorm = T_ VT < Tp ()
§
h
Shnorm = sh Vsp < Shp (6)
P
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Here, T, is the peak shear strength, and sy, ;, is the shear displacement at 7,,. Eq. (1) can then be expressed as:

S hnorm

7
a+b- Shnorm ( )

Thorm =

where T;,4,-mn is the normalized shear strength, Sy, 07 is the normalized shear displacement, and a and b are constants
derived from regression analysis of experimental data.

Fig. 1 illustrates an example of normalized data as a solid blue line in the main graph. The inset shows the unnormalized
data, with the blue curve representing the data before the peak and the green curve showing the data after the peak.

The evaluation of several individual tests without normalization revealed issues with numerical stability and sensitivity
to outliers. Uniform axis scaling facilitates more efficient parameter fitting, which is particularly critical for nonlinear

regression models, including the hyperbolic function applied in this study. Section 3 presents the applicability of this model
to direct shear tests.

3. Validation of the hyperbolic model in direct shear tests

3.1. Tested materials

A series of tests conducted between 2010 and 2023 in the Geotechnical Laboratory at the University of Applied Sciences
Dresden were compiled and systematically evaluated to validate and assess the hyperbolic model applied to direct shear tests.
A total of 484 direct shear tests were performed on 175 different soils, using four different devices. All samples were
compacted to a relative density between 88% and 100%, with initial moisture content varying from 1% to 54%.

To verify the validity of the hyperbolic model for the direct shear test results, all normalized curves were fitted using
Eq. (7).
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Fig. 1: Normalized shear stress (7,,071) @s a function of Fig. 2: Selected normalized shear curves (solid lines) and
normalized shear displacement (S ,0y,) in the direct shear test corresponding approximations (dashed lines) according to Eq.
for sand No. 15830 (7) from the direct shear tests.

3.2. Test evaluation
The available data enabled the determination of the peak shear strength (7,,) and the shear displacement at failure (s, ).
This allowed for normalization using Egs. (5) and (6). Equations (2) and (3) are used to calculate the value of Ry based on
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the constant b and the parameter 7,,. The constant b represents the asymptote T, of the function. Ry plays a crucial role
in assessing the validity of the hyperbolic model, as the values obtained from fitting the model should be consistent with
those expected based on existing literature.

Fig. 3 presents the distribution of the Ry values obtained. When approximated by a normal distribution, the data
mean value of 0.791 and a standard deviation of 0.139, respectively. A comparable study [9] reports Ry values ranging
from 0.5 to 1.0 for triaxial tests. The values obtained in this study primarily fall between 0.5 and 1.0, with only 4% of
the tests (20 shear tests) yielding values between 0.3 and 0.5. Soils from the GW and GP groups show these lower values.
Low Ry values correlate with dense soils, while higher Ry values indicate loosely packed soils.

3.3. Simulation results

In Fig. 2, a selection of normalized shear curves (dashed lines) is presented, alongside their corresponding
approximations based on Eq. (7). The orange and blue curves illustrate the two curves with the lowest coefficient of
determination (R?), typically due to fluctuations in the curves. In contrast, the red and green curves represent the two
curves with the highest R? values.

Fig. 4 provides a histogram of all the R? values for the 484 tested samples, including a Weibull distribution with
two parameters: scale and shape. The calculated R? values range between 0.959 and 1.00, indicating a good fit of the
function to the experimental data.
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Fig. 3: Representation of the R values from the direct shear tests Fig. 4: Representation of the coefficients of determination (R?

of the 484 samples: Histogram (grey, starting at 0.30, width: values) for the fitting eq. (8) applied to the 484 shear curves:
0.018), KDE density function with different bandwidths (red: 0.2, Histogram (gray, starting at 0.959, width: 0.001), density
green: 0.3, orange: bandwidth according to Scott, 0.375) function: Weibull distribution (scale = 0.993, threshold = 0,

shape = 195.71).

Figures 5a and 5b illustrate the constants ¢ and b as functions of the normalized secant elastic modulus Esg ,0pm-
This modulus refers to the slope between 0 and 50% of the maximum shear stress (E5o n0r-m), @s expressed in Eq. (8):
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where E'5 norm is the normalized secant modulus, Tp norm is the normalized peak shear strength, and Sy orm is the

the normalized shear displacement.
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Fig. 5: (a) Dependence of constant a on the normalized secant elastic modulus E'sg 0y in direct shear tests on 484
investigated samples; (b) Dependence of constant b on the normalized secant elastic modulus Esg 0, in direct shear tests
on 484 investigated samples; (c) Relationship between constants @ and b from the 484 direct shear tests; and (d)
Correlation between constant a and the normalized initial stiffness E; 5y, in the 484 direct shear tests.
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As seen in Fig. Sa, the constant a decreases as secant elastic modulus increases. Since a single equation cannot
describe all data points, the data were divided into two regions and fitted using regression according to Eq. (9):

ky
(kz ’ ESO,norm)k3

a(ESO,norm) = t ks ©)

Where Esg norm is the normalized secant modulus and k4, k;, k3, and k4are regression constants.

The first region includes shear curves with normalized secant elastic modulus up to 5 (Esq porm < 5), while the
second region consists of curves with normalized secant elastic modulus greater than 5 (Esg ,o7-m > 5). In the first region,
the constants obtained were k; = 294.77, k, = 25.62, k; = 1.777, and k,= 0.064, with a coefficient of determination of
0.985. In the second region, the constants were k,= 3.64, k, = 5.041, k;=1.082, and k,= 0.001, yielding a coefficient of
determination of 0.939. No correlation was found between compaction ratios or water content before or after
compaction.

To perform the regression, the constant » was also divided into two regions according to Eq. (9), with the boundary
between them set at Egg ,0-m= 5. Regression analysis was conducted for each region. The fit (see Fig. 5b) exhibits
greater variability in Esg 5,0, for the second range, with a slightly lower coefficient of determination of 0.811. Eq. (10)
applies a linear approach to the constants a and b, with a expressed as a function of b.

a=k1-b+k2 (10)
where k; and k, are regression constants.

Based on Eq. (11) and considering the normalization, where Ty yor-m = 1 and Sp porm = 1, the relationship between
the constants a and b is expressed as:

1

The fitting yielded a correlation with a coefficient of determination of 0.993. This linear relationship follows Eq.
(10), with the parameters k; = —1.163 and k, = 1.016, as shown in Fig. 5c. Fig. 5d compares the constant  with the
normalized initial elastic modulus (E; ,or-m), showing a weaker correlation, possibly due to the sensitivity of initial
elastic modulus calculations influenced by the test equipment. As a result, the attempt to fit these data with a function
did not succeed.

Section 4 describes the method for predicting shear strength and summarizes the model's validation results across
all direct shear tests.

4. Methodology for predicting peak shear strength

4.1. Basic concept

The primary objective of this study is to develop a reliable method for predicting peak shear strength using an
algorithm based on the hyperbolic function introduced earlier, with the parameters a and b derived in section 3.3. This
algorithm processes shear stress and shear displacement data up to a specific level of mobilization, normalizes the data,
fits them to the hyperbolic function and then extrapolates the data to estimate the peak values. However, in multistage
testing, the first and second shearing phases are terminated before reaching the peak, leaving the maximum shear stress
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(t,) and the corresponding shear displacement at peak (s, ;) unknown. Without these peak values, the normalization of the
data is not possible. Therefore, a search algorithm is necessary to estimate t,, and sy, ,,. The critical parameters for the algorithm
are:

e a F, b F: Constants determined through regression based on known data, using Eq. (7).

e a6E: Constant derived from Esg oy, (determined from known data) using the empirical Eq. (9), with
ki = 294,77, k, = 25,62, k3 = 1,777, and k, = 0,064 for E5g orm < 5 and with k; = 3,64, k, = 5,041,
k3 = 1,082 and k, = 0,001 for E5g orm > 5

e b E: Constant determined from the relationship between the constants a and b, using the empirical Eq.
(10), with k; = —1,163 and k, = 1,016.

This algorithm estimates the unknown values of T, and sp,, from the curve section in the normalized shear stress-
displacement diagram (a_F, b_F) and compares them with the values derived from Esg 0, Using empirical equations for a
and b. The evaluation uses the mean squared error (MSE) for different values of T, und sp, ,,, as described in Eq. (12). The
algorithm uses a stochastic differential evolution process to find the point where the error reaches its minimum.

_(a_F—a_E)* + (b_F—b_E)*

MSE, o0 = _ (12)

where MSE,y,0qn is the mean squared error, a_F and b_F are the constants determined through regression using Eq.
(7), and a_E and b_E are derived from the empirical Egs. (9) and (10).

The algorithm operates with a main function that calls a helper function to perform key tasks, including processing the
current shear data, normalizing the data, extracting constants a and b from the diagrams, curve fitting, and evaluating the fit

quality using mean squared error. To ensure effective iterations, it is essential to set reasonable boundaries for T, and Sp, 5.

For example, the shear displacement data from the third stage of a multistage test can be used as input to estimate the
boundaries for phases 1 and 2.

4.2, Validation

Direct shear tests in single-stage provided the basis for the initial validation. This study considers variations in the
measured shear stress of approximately £10% of the peak shear strength (t,,) as acceptable. The Algorithm evaluated all
single-stage tests by comparing the predicted peak shear stresses (7, ,req) and shear displacements (s, ,req) With the measured
values. The relative error (RE) is calculated using the following equation:

—1,) - 100

Tp

RE[%] = (tpprea (13)

where RE is the relative error in percentage, Tp, ,req 1S the predicted peak shear strength, and 7,, is the measured peak
shear strength.

The simulations considered shear stresses corresponding to shear displacements of 50%, 55%, 60%, 65%, 70%, 75%,
80%, 85%, and 90% of the peak shear displacement. Fig. 6 presents the simulation results as a normal distribution.

An increase in the dataset narrows the normal distribution curve, reduces the relative error, and improves the accuracy
of the simulation results. The narrowing of the distribution around the mean indicates reduced variability in the data points,
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which cluster more closely to the expected value. Fig. 7 presents the percentage of tests (100% = 484 tests) that show a
relative error greater than 5%, 8%, 10%, and 15% between the predicted and actual peak shear strength. With a stopping
point at 60% of the peak shear displacement, fewer than 10% of the tests show a relative error of over 10% between the
predicted and actual peak shear strength. This study confirms that the hyperbolic model accurately describes shear
in direct shear tests and effectively predicts peak shear strength.
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calculated according to Eq. (15) for the 484 direct shear tests. exhibit a relative error (RE) exceeding |p|%, based on the
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5. Conclusion and outlook

This study introduces a new model for predicting the shear stress and shear displacement at the peak state in direct
shear tests. The model uses the initial data from the stress-displacement curve and incorporates empirical methods to
predict them. It normalized the shear stress-displacement curve up to the peak and fitted the data to a Kondner function.
Developed initially for drained triaxial tests, this approach forms the foundation for several material models, including
the Hardening Soil or Duncan-Chang models. The two constants, a and b are fundamental to the model, with @ strongly
correlating with the normalized secant elastic modulus at 50% of the peak shear stress, while » demonstrates a linear
relationship with a. By applying these two constants and a newly developed stochastic algorithm based on differential
evolution, the model accurately predicts the peak shear strength and the shear displacement at peak.

The model was validated using 484 direct shear tests on different materials to determine the constants @ and b, and
the results were evaluated against known peak states. After analyzing data from different soil types, the parameters
proved applicable across different soil groups. The goal is to establish the optimal stopping point during the shear test
as a basis for multistage tests. To achieve this, mobilization curves with displacements between 50% and 90% of the
peak shear displacement were compared with the predictions from the new model. The evaluation relied on the stochastic
analysis of normal distributions and their deviations, ensuring accuracy within defined limits.

Future research will focus on developing methods to determine the shear strength of soils using multistage tests, aiming
to achieve results equivalent to those from single-stage tests. Defining the optimal stopping criterion during the shearing
phase is crucial for this goal. The results presented here are based on tests conducted with compacted samples. Additional
adjustments will be needed to account for other influencing factors, such as aging or structure.
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