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Abstract - The problem of fault diagnosis in engineering systems with uncertainties described by nonlinear discrete-time models is
studied within the scope of analytical redundancy concept. Solution of the problem assumes the checking redundancy relations existing
among system inputs and outputs measured over a finite time window. The nonparametric method is used to construct redundancy
relations involving transformation of the initial system model into canonical form with special properties. The obtained results are
illustrated by the general electric servoactuator of manipulation robots.
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1. Introduction

This work is devoted to the problem of fault diagnosis (FD) in different engineering systems including dynamic systems
and electrical circuits. Electrical circuits are convenient models for describing different electrical devices such as
transformers, synchronous and asynchronous electrical machines, drives, and so on. The feature of such systems and circuits
is that they contain non-smooth nonlinearities such as Coulomb friction, saturation, and hysteresis. In the past decades several
approaches to the diagnosis in systems and circuits have been developed, see for example [1-7] but most of them do not
allow to solve the FD problem in system with non-smooth nonlinearities. One objective of this paper is to consider the
approach which can be used for diagnosis both in dynamic systems and electrical circuits based on the model in the form of
difference equations containing non-smooth nonlinearities.

This approach is developed within the framework of analytical redundancy concept. According to this concept, FD is
based on checking relations that exist among system inputs and outputs measured over a finite time window and generating
the residual to make a decision about faults. There are two main methods to generate the residual: closed-loop techniques
which involve diagnostic observers for residual generation [5] and open loop techniques when the residual generator is
specified in the form of input-output redundancy relations [3].

As soon as modeling uncertainty and faults both may act upon the residual, the robustness problem arises. It is common
practice to distinguish active and passive approaches to solve this problem. Among the active approaches, there exists the
method considered in [8-12]. The feature of this method is that knowledge of some system parameters values is not required
for redundancy relations checking. Therefore, this method can be called as the nonparametric one.

The feature of the solution obtained in [8-10] is that to check the redundancy relations, it is necessary to find a kernel of
some matrix of functionals which is constructed on-line by processing the system inputs and outputs measured over a finite
time window.

The objective of the present work is to extend the nonparametric method given in [8-10] to systems and circuits described
by nonlinear discrete-time models containing non-smooth nonlinearities. Besides, a new method to obtain the input-output
representation of the system under diagnosis is suggested; such a representation is required to apply the nonparametric
method.

2. Basic Relations
Consider nonlinear difference model

x(t+1) = f(x(®),u®),v®),  yt)=h(x()). 1)
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n m . .
Here X€R , Ue R , Ye RI are the states, controls and outputs, respectively; y= (yl,...,ys)T is the vector of

parameters; the i-th fault is presented as inadmissible deviation of the i-th parameter Y from its nominal value Y gj ,
i =1,2,...,s; fand h are the nonlinear functions, the function f may be non-smooth.
Clearly, equations (1) describe both wide class of technical systems and electric circuits. For circuits, such equations

can be obtained based on Kirchhoff’s laws and the equations CU =1 and LI =U (describing the voltages across the
capacitors and inductors and the appropriate currents. As a result, one obtains differential equations which can be transformed
into the difference form (1) by using the well-known Euler discretization.

To solve the FD problem by the nonparametric method, one has to transform the vectors of states and outputs as
X, = @(x) and y, =(y) using some functions ¢ and W such that the general model in new coordinates

Xa(t +1) = e (e (1), u(t), y(1)), 2

Y« (1) = he (X« (1))

is feedback-free:

X (€41 = £.0 0 (0, yO.UM), T=12.k=1 g t+D) = £ (yO,uwm), @3)
Y1) = b (g (1)

where Xy is the i-th component of the state vector X« € Rk , f*(l) A f*(k) ,and h, are some functions. There exists more

general feedback-free form; the model (3) is used for simplicity. Based on (3), one constructs the input-output representation
of the model (2) as follows.
Make in (3) several temporal shifts and substitutions:

xa(t+2)= L0 G 0+ 1, e+ Doule+ D) = £,0 AP (0, p(0).u(0), (e +D.u(r +1)),
% (1+3) = LOCP L Cooa (0, 7000,y + Dt + D), y(t +2),u(t +2)), @
Vet +k)=he(x(t + k)= F.( (), u()), vt + Dut + 1)), o, vt + k= D,ul(t + &k = 1))

for some function F, . Assume that this function is of the form
p
F. = _Zlfi (P (y®,u(), y(t+1),ut+1),...,yt+k-1),u(t+k -1)) )
1=!

for some p where Fi (Y) is an algebraic expression dependent on components of the vector of parameters Y whose values
may be unknown; the function P. (*) may contain the elements of the vector 7 whose values are known, i =12,...,p.

Notice that such a representation can always be obtained if F, is polynomial function. If the function P. (*) contains the

parameter with unknown value, then to apply the non-parametric method, it should be presented by power series with
coefficients dependent on these parameters.
It follows from (5) that the last expression in (4) can be written in the form
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B (tyst +k—1)

}’*(r+k):(rl(T) rp(‘”) . (6)
Py (...t + k—1)

where Pi*(t,...,t +k—=1) =R (y),u)), yt+1,ut+2),...yt+k-1,u(t+k-1), i =1,2,...,p . Based on the last
formula, write down the expression for y, for T instants of time:

Vi@ =) - p(-T+D)=@(y) - T,()Pr ),
P (t—kyst=1) = B (t—k-T+1,.,t-T) -
P_[_(;): . ) X
Pp(r—k,...,r—l) Pp(r—k—T+l,...,r—T)
The feature of (7) is that the parameters with unknown values are in the row (L) - Tty ]], the matrix Py (t)

depend on the measured control and outputs and elements of the vector ¥ which values are known. This allows implementing
the FD process based on the row Y; (t) and the matrix Ry (t) without knowledge of values of some system parameters.
The size of time window T in [8-10] is chosen minimal such that rank (Py (t)) = rank (Pr_4 (t)) . It follows from this
equality that the last column of the matrix Py (t) linearly depends on other columns, i.e. the nonzero vector v(T) exists such
that Py (t)v(T) = 0, this means that the matrix Py (t) has nonempty kernel. As a result, (7) yields Y1 (t)v(T) = 0, which
can be considered as a parity relation.
It follows from all above that the rule ry (t) = Y+ (t)v(T), v(T) < ker(Py (t)) is robust since it is constructed without

knowledge of values of some system parameters. Notice that the residual should be generated on-line unlike the methods
based on full description of the system when some calculations can be performed in advance. To reduce the calculation

complexity, one may take T such that the number of columns of the matrix Py (t) is bigger than the number of its rows, i.e.

T > p+1; here the equality rank (Pr (t)) = rank (Pr_; (t)) is valid. In some particular cases, the value of T may be
reduced.

3. Problem Solution

To solve the problem of fault isolation, one has to construct a bank of expressions in the form (6), therewith each
expression is invariant with respect to some set of faults (parameters) and sensitive to others. Solution of this problem will
be found in two steps. On the first step, the model is invariant with respect to some set of faults and having the general form
(2) is constructed. On the second step, this model is transformed into the expression (6) and then into (7).

3.1. Model Invariant with Respect to the Fault Design
To implement the first step, we use so-called logic-dynamic approach which allows to solve the problem by methods of
linear algebra [11, 12]. To apply this approach, the initial system (1) should be represented in the form

O (A4 x(D)u(r) )
+ X Ddi(1),  y(0) = Hx(r) )

x(t+1)= Fx(1)+Gu(t)+ C
0g(Agx(t),u(t)) ) =1
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where F, G, and C are constant matrices under nominal values of the parameters; H, Dy..... Ds are constant matrices;

d' (1) ... d (1) are scalar functions describing faults: if the i-th parameter has nominal value, then d;(1) = ﬂ'*, otherwise

di (t) becomes an unknown function of time, = 1253 @, ®y gre arbitrary nonlinearities, Ay, o 4, are row
matrices. The model (8) can be obtained from (1) by some state transformations described in [11, 12].

The logic-dynamic approach has three steps [11, 12]. On the first step, one removes the nonlinear term from (8), then
the problem is solved for linear system with additional linear restriction; on the third step, the obtained linear solution is
supplemented by the transformed nonlinear term.

Now we describe the solution on the second step where the linear model is presented in the canonical form which is
feedback-free given by

Xoj (t+1) = x4j g + T () + Geu(t), i=12,...k—1,
Xop (£ +1) = S y(F) + Gopu(t), 9)

y*(f) = Ry([) :x*l(f)

where x, (t) = Ox(t), y.(t) = Ry(t) for some matrices @ and R . It is known that matrices describing the linear part of
the model (8) and the model (9) satisfy the following equations [11-13]:

(I}l :RH, (I);F :(D.H-l +JJ.‘H, G:k :(DG (10)

where @, and J, are the i-th row of the matrices ® and J, i=12,...k,Kkisdimension of the model. The additional

restriction on the matrix @ caused by the nonlinear term is of the form A= Ak(CDT H T)T for some matrix A., where
A=(AT .. AT, Ac=(A] ... Af)T. Thelast equality is equivalent to the condition

rank(®T  H') =rank(®" HT A4). (12)

To construct the model independent of ¥, one has to take into account the condition ®»D; = 0. This condition yields
the equation [11, 12]

(R -J, - _Jk){y{k) B(k)):(},
HF* HD HFD HF?D --- HF*'D "
py® _| HF* | g _| 0  HD HFD - HF*’D| (12)
H 0 0 0 - 0

Equation (12) is solvable with minimal k satisfying the condition rank (V (k) B(k)) <I(k+1) . If itis valid for some

k, the row (R —Ji =J2 oo =Jk) exists such that (12) holds. Then the rows of matrix @ is found based on (10)
and the condition (11) is checked. If it is satisfied, the matrix G. = ®G is calculated and the model (9) has been constructed.

If (11) is not satisfied, another solution of (12) is found with former or increased dimension k. If (12) is not satisfied for all
k <n, then the model (9) independent of Y does not exist. In that follows we assume that the condition (11) is satisfied.
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To construct the nonlinear term, notice that it is described by the expression
0y (A (1), u(1))
C
(0 (Ary 2(0),u(1))
_(vT THT . . _ T TN\T .
where Z=(X« Y ), the row A, is found from the equation A = A4(®" H') ,i=12,..4q9, C.=®dC.Asa

result, the model invariant with respect to Y is of the general form

Xo (T +1) = i (X, (1), y(©),u(t)), 1=12,... k-1 Xy (t+1) = fiq (X, (1), y(t),u(t)),

Y (t) = X, (1) (13)

for some functions f., ..., f*k .

3.2. Input-output Expression Design
To obtain the expression of the form (6), for simplicity we consider case k =3 in (13) and use the following notations:

X=X (t+1), xe =xe(®), u=u(t), y=y(t):
Xap = Fag (%, Vo U) = Fug (Yo, Xp, Xog, VoU), Xy = Fay (X, Y, U) = Fg (Yo, X, Xog, Y, U)
Xag = Fag (X, Y, U) = Fug (Yo, Xop, Xz, Vi U), v = X -
Make two temporal shifts in the last expression:

Vi =g = fag (Y, Xag, Xag, Yo U), YT = Fug (Yo, Fap (Y, X, Xag, Y, U), Fag (Y, X, Xag, Y,U), y T oU™). (14)

Assume that rank(oh«(X«)/d%«) = 2 generically, i.e. everywhere except on the set of zero measure where

A f (y*,)_(*,y,l,l) = X*2
h*(X*) = ( _*1 _ y X* = 1
fug (Yo, Fap (Yo, X, Y, 1), Fag (Yo, K, Y,U), y U7 Xx3
it is assumed that the function N« is differentiable with respectto x. . Under the condition rank(ohs(Xs)/oXs) = 2 the set

of equations (14) is generically solvable for x., and x.; in the form X« = f*z(y*,yi,yi+,y, y+,u,u+),

Xsg = Fag(Yx, Y4, Y7, y,y",u,u™) for some functions f_*g and f_*3

Make additional temporal shift in y;Hr and then replace the variables x., and x. in the expression for yi++ by the
functions f_*g and f,\g respectively. As a result, the expression in the input-output form has been obtained:
ya T =Ry(t+3) = fu (Ry(t), Ry(t +1), Ry(t +2), y(t), y(t +1),u(t),u(t +1)) (15)

where f.. is some function.
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3.3. Heuristic Approach

When the function N« is non-differentiable with respect to x.., one may use some heuristics to transform the model (13)
into the form (15). Let (13) with k =3 be described by the equations

X;;_ = X*2 + f*l(x*l) + J*ly+G*lu , X:Z = Xug + f*z (X*Z) + J*2y+G*2U ,
Xz = Tz (Xag) + JugY +Gigll,  yu = 3,

where f., f.,, f« are arbitrary nonlinear functions. The peculiarity of the model is that the right-hand side of the equation

for every variable includes nonlinear function of the same variable only.
Make two temporal shifts and substitutions for vy..:

Y =Xy + Fiq (X)) + Jnq YT+ GuqUT = fug (V) + Jiq YT +GuqU™ + Xag + Fay (Xap) + I Y + Gl

VARREESS Y (VAR RN IRVARSE CI{TRANNT) WANEE SOY 0029 Eaty FOS VAR c A TRSES

fug (Y2 )+ Jaq VT + YT +GqU™ +Gapu™ + Fay (Xo5) + Fag (Xag) + Jugy + GugUl.
Find the SUM Xeg + Fap (Xap) + Ju Y + Gaoll = X5 from the formula for Ya ' : X&) = yi ™ — fig(y+ ) = Iy —Guqu™
and use it as an argument of the function f.., in the equation for yx ' :
Vit = g (Y ) + Jqy T+ ey T +GquTT +Gaout +
+ Fag (Y = fag (Y2) = Jugy " =G ™) + fag(Xeg) + Jugy + Gigll.

Next, find the sum f*3 (X*3) + J*gy + G*3U from the last expression, construct the expression for yi*** and use this

sum as an argument of the function f*3 , then the final expression for ny T contains the temporal shifts of the vectors
y. =Ry, Y and U, that is necessary for the non-parametric method.

4. Practical Example
Consider the discretized model of the general electric servoactuator of manipulation robots under absence of the external
loading moment:
X =y1Xp + X,
X3 =YXz +73Sign(x,), (16)
X3 =YaXz +¥5X3 + Ve,
where x, is the output rotation angle at the reducer output shaft; x, is the output rotation velocity at the motor output shaft;
X3 is the current through the servoactuator windings; the coefficients Y1 + V¢ are given for the general electric servoactuator
parameters and the sampling time. We assume that y, = x, and Y2 = X3.
It follows from (16) that the coefficients Y2,Y3 and ¥4 ~Yg have the same influence on X{ and X§ , respectively,

therefore one has three sets of indistinguishable faults: K, ={y,}, Kz Z{Yz ) Yg}, and K3 ={Y4,Y5,Y6}.
The logic-dynamic description of the model (16) is as follows:
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1 v O 0 10 0 0 1 0 0
0 v4 75 Y6 0 0 0 1

A=(0 1 0).
Remove the nonlinear term from the model (16) and consider its linear part for the first fault. It can be shown that (12)

has a soluion (R —J; =J3)=(0 1 0 —(+v4) O —(vv4-75)), then @,= 0 1,
®,=0 vy, -1),G.=(ye —yG)T. It can be checked that the condition (11) is satisfied and the matrix A, is of the

foom A, =0 1/y, O l/y4)T; besides C, =®C = (0 y4y4)" . As aresult, one obtains the model

X = X + (L+75)Y2 + YU,
Xe2 = (Y2Y4 = ¥5)Y2 —YeU +V3YaSign((Y2 + X«2)/ 14),
Y =X = Y2,
where Xy = X3, X4o =72Xo —X3. To obtain the feedback-free expression, make two temporal shifts:
Y2 =Xup +(L+75)Y2 + 76U,
Y2 =(v2va —V5)Y2 —YeU+V3YaSigN((y2 + %)/ v4) + (L+7v5)ys +v6u"
It follows from the expression for Y3 that the sum of three first addends may be presented as Y3 —(1+75)y5 —Veu™ .

Taking this into account, write down the expression for y; 1

Yz =(v2v4—V5)Y2 —veU  +(@+v5)ys +yeUu' +ysvasion((yz +Yyz —(@+ys)yz —veu )/v4). (A7)

Since the function sign contains the parameters Y4 ~ 7, then to implement the nonparametric method, their values should

be known.
The expressions for other shifts can be obtained by analogy. Since (17) contains 5 addends, p=5 and T =6. Denote

the function sign(*) in (17) via w(t) and write down it in the form (7) with y. =Ry =y,

Yo ()= (12(t) ya(t=1) y(t=2) yy(t=3) y(t—4) »y(-5)=
(Y2va—Ys —VYe¢ l+vs Yo V3va)Fs(),

y2(t=2) y(t=3) -+ »(t-7)

u(t-2) u@-=3) - u(t-=7) (18)
F(t)=| yo(t=1) »y,(t=2) - yy(t-6)|.

u(t-1)  wu(@-2) - u(t—06)

w(t—=3) w(t—-4) - w(t-8)

The residual is generated as Ig (t) =Yg (t)v(T), v(6) € ker(Ps(t)). By analogy, other faults are considered and a bank
of expressions similar to (18) is constructed to isolate faults.
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5. Conclusion

The paper considers the problem of fault diagnosis in dynamic systems and electrical circuits described by nonlinear
models with non-smooth nonlinearities. So-called nonparametric method to solve this problem has been used. The feature of
this method is that some parameters of the system under consideration may be unknown. Theoretical results are illustrated
by practical example.
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