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Abstract - In this paper, a novel inverted pendulum with a motor-driven random disturbance rod at the top is presented, which is different 

from the normal inverted pendulum. The simplified mathematic model of the control system is established on the basis of dynamic 

equations. The traditional PID control method is adopted and proved invalid for this system. Then Sliding Mode Control is used for the 

system due to its strong anti-interference ability. To weakening the chattering which is common in Sliding Mode Control, Fuzzy Sliding 

Mode Control is developed using fuzzy inference to adjust the thickness of the boundary layer in real time. A simulation of the control 

system is produced by combing the software MATLAB/Simulink and Adams, which can real-time display the movement of the system 

during simulation. The theoretical analysis and simulation results verify the rationality of the proposed control method for the inverted 

pendulum with random disturbance. 
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1. Introduction 
The inverted pendulum is a high-order, complex, unstable, strongly coupled nonlinear system that can be used to verify 

whether a control method has the ability to handle multivariable, nonlinear and absolutely unstable system so the inverted 

pendulum can be used as a typical control model to evaluate the control method [1].The inverted pendulum is also the basis 

for many other control design techniques such as the strategy used for generating gait pattern to control the robot walk like 

the human [2], the theory for mobile wheeled inverted pendulum control system design [3], the control method of under-

actuated robotic systems including aircraft, spacecraft, helicopters, underwater vehicles [4],etc. There are some types of 

inverted pendulum: one-stage inverted pendulum, double inverted pendulum, triple inverted pendulum, etc. Although 

uncertain external disturbances such as damping and friction can bring errors to the dynamic equation, the physical structures 

of these inverted pendulum systems do not change randomly ensuring the equilibrium position of the system is approximately 

constant [5~6]. Many control methods have been implemented on the inverted pendulum system such as: PID control [7], 

Nonlinear Control [8], Fuzzy Control [9], Robust Control [10], Neural Networks Control [11], etc.  

Sliding Mode Control Algorithm has strong robustness which can continuously adjust the structure of the control system, 

and it is insensitive to the changes in dynamic equation parameters or external disturbances that may occur in the system. As 

a result, Sling Mode Control is often used for servo system control. The most significant problem in Sliding Mode Control 

is the chattering phenomenon near the equilibrium position [12], which is harmful to the mechanical structure but can be 

well weakened by combining the Sliding Mode Control with the Fuzzy Control. In this strategy, Fuzzy Inference method is 

used to adjust the thickness of the boundary layer, so as to eliminate the chattering phenomenon while maintaining the 

robustness of the sliding mode control [13~14]. The Fuzzy Sliding Mode Controller is proved able to ensure the hydraulic 

turbine regulating system work smoothly [15], lower the noise of the reluctance motor [16], reduce the speed tracking error 

of the hydraulic pressure coupling drive [17], which show good robust to nonlinear and strong inference systems. 

In this paper, a new type of inverted pendulum with a motor-driven random disturbance rod at the top is presented. The 

physical structure of the pendulum can change randomly in real time by the random movements of the disturbance rod. 

Because of the changeable structure, the equilibrium position of the system is a changeable and uncertain value different 

from the normal inverted pendulum. Three control algorithms (PID Controller, Sliding Mode Controller, Fuzzy Sliding Mode 

Controller) are designed and used for the motion simulation by combining the software MATLAB/Simulink and Adams. 
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The simulation results show that the Fuzzy Sliding Mode control can achieve a better performance in the inverted pendulum 

control system with random disturbance. 

 

2. Mechanism Design and Mathematical Model 
2.1. Mechanism Design 

The sketch of new inverted pendulum with a motor-driven random disturbance rod at the top is shown in Figure 1.This 

system mainly consists of two parts. 

 

 
 

Fig. 1: Sketch of the Inverted Pendulum with Random Disturbance. 
 

(1) Rotary control mechanism: It is mainly composed of AC servo motor, reducer, diversion ring and angle Encoder. 

The servo motor controls the rotation of the cross arm after decelerating through the reducer. The servo motor is driven by 

the servo motor driver which receives control information from the controller. The angle encoder can transmit the angle 

value of the connecting rod to the controller in real time. 

(2) Random disturbance mechanism: It is mainly composed of a stepper motor and a motor-driven disturbance rod. The 

stepper motor drives the rod to randomly rotate which causes the physical structure of the pendulum changing in real time. 

The control goal is to keep the angle between the connecting rod and the vertical direction within in a certain angle when 

there is a limited random disturbance caused by the disturbance rod. 

 
2.2. Mathematical Model 

The precise dynamic model equation of the inverted pendulum is very complicated and unpredictable because of the 

randomly unmeasurable disturbance. But the dynamic model equation is needed when designing the Sliding Mode Controller 

or Fuzzy Sliding Mode Controller. To meet the demand, a simplified model is proposed in Figure 2, ignoring the friction, 

damping. And the angle of the disturbance rod is set as 0°, assuming there is no random disturbance. 
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(a) Front View                                           (b) Top View                                            

Fig. 2: Simplified Inverted Pendulum Model with Random Disturbance. 

 

As for the vertical swinging part of the inverted pendulum, all masses can be equivalent at centroid point(c) ignoring the 

quality of the connecting rod and the disturbing rod. By dynamic analysis, the dynamic equation is shown in Eq. (1). 

 

 
�̈� =

𝑚(𝑙1, 𝑙2) ∙ g ∙ 𝑅𝐶

𝐽𝐶(𝑚, 𝑙1, 𝑙2)
∙ 𝜃 −

𝑚(𝑙1, 𝑙2) ∙ 𝑅𝐶 ∙ 𝑅

𝐽𝐶(𝑚, 𝑙1, 𝑙2)
�̈�             (1) 

 

Where 𝑚 is the equivalent mass of the swinging part, 𝑙1 is the distance from the connection point of the swinging part 

to the end point of the cross arm, 𝑙2 is the length of the random disturbance rod, 𝑅𝐶 is the distance of from the centroid of 

the swinging part to the end point of the cross arm, 𝑅 is the cross arm radius, 𝜃 is the angle between the swinging rod and 

the vertical direction, 𝜑 is the rotation angle of the cross arm, g is the gravity, 𝐽𝐶 is the moment of inertia of the swinging 

part to the end point of the cross arm. In this system, 𝜃 is the indirect control parameter and �̈� is the direct control parameter. 

The simplified model is only used for controller design. When simulating, the Simulink plugin exported by Adams is 

taken as the inverted pendulum model which is precise though there is random disturbance. About the model for simulation, 

it will be covered in more detail in the Simulation section. 

 

3. Controller Design 
3.1. Sliding Mode Controller 

The block diagram of SMC control system is show in Figure 3.The control target is to limit the error between  𝜃 and  𝜃𝑑 

to a certain range, where 𝜃 is the output angle and 𝜃𝑑 is the target angle. 

 

 
Fig. 3: Block Diagram of SMC Control System. 

 

The Eq. (1) can be standardized for defining dynamic sliding surface which is show in Eq. (2)-Eq. (9). 

 

 
𝑧1 = 𝜑 +

𝐽𝐶

𝑚 ∙ 𝑅𝐶 ∙ 𝑅
𝜃 

 

(2) 
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𝑧2 = �̇� +

𝐽𝐶

𝑚 ∙ 𝑅𝐶 ∙ 𝑅
�̇� 

 

(3) 

 𝑧3 = 𝜃 
 

(4) 

 𝑧4 = �̇� (5) 

 
Error equation is show in Eq. (6)-Eq. (9) by bring Eq. (2)-Eq. (5) to Eq. (1). 

 

 𝑒1 = 𝑧1 
 

(6) 

 𝑒2 = 𝑒1̇ = 𝑧2 
 

(7) 

 
 𝑒3 = 𝑒1̈ = �̈� +

𝐽𝐶

𝑚 ∙ 𝑅𝐶 ∙ 𝑅
�̈� =  

g

𝑅
 𝜃 

 

(8) 

   𝑒4 = 𝑒1⃛ =
g

𝑅
�̇� (9) 

 

Dynamic sliding surface equation is show in Eq. (10). 

 

 𝑠 = 𝑐1 ∙ 𝑒1 + 𝑐2 ∙ 𝑒2 + 𝑐3 ∙ 𝑒3 + 𝑒4 (10) 

       
In this equation: 𝑐1 > 0,  𝑐2 > 0, 𝑐3 > 0  and the values satisfy the Hurwitze condition. 
Bring Eq. (6)-Eq. (9) to Eq. (10) and derivate it then get Eq. (11). 

 

 
�̇� = 𝑐1 ∙ (�̇� +

𝐽𝐶

𝑚 ∙ 𝑅𝐶 ∙ 𝑅
�̇�) + 𝑐2

g

𝑅
𝜃 + 𝑐3

g

𝑅
�̇� +

g

𝑅
∙ (

𝑚 ∙ g ∙ 𝑅𝐶

𝐽𝐶
∙ 𝜃 −

𝑚 ∙ 𝑅𝐶 ∙ 𝑅

𝐽𝐶
�̈�) (11) 

 
According to Eq. (11) the input value ( �̈� ) can be set as shown in Eq. (12). 

 

 
𝑢 = �̈� =

𝐽𝐶

𝑚 ∙ 𝑅𝐶 ∙ g
(𝑐1 ∙ (�̇� +

𝐽𝐶

𝑚 ∙ 𝑅𝐶 ∙ 𝑅
�̇�) + 𝑐2

g

𝑅
θ + 𝑐3

g

𝑅
�̇� +

𝑚 ∙ g2 ∙ 𝑅𝐶

𝑅 ∙ 𝐽𝐶
𝜃 + 𝑀 ∙ sgn(𝑠)) (12) 

         
Bring Eq. (12) to Eq. (11) then get Eq. (13). 

 

  �̇� = −𝑀 ∙ sgn(𝑠) (13) 

 

Take the Lyapunov function as Eq. (14).  

 

 
𝑉 =

1

2
𝑠2 (14) 

 
Derivate the Lyapunov function and bring Eq. (13) to it then get Eq. (15). 

 

 �̇� = 𝑠 ∙ �̇� < 0 (15) 

 

The Eq. (15) shows that the Lyapunov function is stable so the system will tends to stabilize under  Sliding Model Control 

[18]. The mechanical structure parameters of the system are show in Table 1. 
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Table 1: mechanical structure parameters of the system. 

 

Mechanical structure parameters value 

Equivalent mass of the swinging part m 0.539(kg) 

Moment of inertia  𝑱𝑪 0.016043 (kg∙m3) 

Cross arm radius R 0.299(m) 

Equivalent swinging distance 𝑹𝑪 0.1659(m) 

Control gain M 60 

Gravity g 9.8(m2/s) 

Sliding surface parameters 𝒄𝟏, 𝒄𝟐, 𝒄𝟑 27.0 , 27.0 , 9.0 

 
3.2. Fuzzy Sliding Mode Controller 

The block diagram of Fuzzy SMC control system is show in Figure 4. A Fuzzy Inference Controller is designed to adjust 

the thickness of the boundary layer in real time which can significantly reduce the chattering near the equilibrium position. 

 

 
Fig. 4: Block Diagram of SMC Control System. 

 

The definition of boundary layer thickness is shown in Eq. (16). 

 

 ∆= 𝑛 ∙ ∆1 + （1 − 𝑛）∆2 (16) 

 
Where ∆1, ∆2  are the limit range areas of the boundary layer thickness and the parameters ( 𝑛,  ∆1, ∆2 ) satisfy the 

inequalities: 0 ≤ 𝑛 ≤ 1, 0 < ∆1< ∆2. Fuzzy Reasoning Controller adjusts the thickness of the boundary layer by changing 

the value of n. 

Three subsets are defined for fuzzy controller input: small (S), middle (M) and big (B). Five subsets are defined for 

output: big negative (NB), small negative (NS), zero (ZR), small positive (PS) and big positive (BS). The membership 

functions of input and output are shown in Figure 5. 
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(a)  Membership of s                    (b) Membership of �̇�                       (c) Membership of n 

Fig. 5: Membership functions of input and output. 

        

The fuzzy inference system and fuzzy surface are shown in Figure 6. 

 

            
(a)  Fuzzy Inference System                        (b) Fuzzy Surface 

Fig. 6: Fuzzy Inherence System and Fuzzy Surface. 

 

The principles of adjusting the thickness of the boundary layer can be summarized as: 

(1) When the value of s is big, the thickness of the boundary layer should be reduced to increase the control gain which 

can accelerate the movement of the system state trajectory to the sliding surface and increase the control efficiency. 

(2)  When the value of s and �̇� are small, the thickness of the boundary layer should be increased as much as possible to 

reduce the chattering caused by the big value of gain parameter. 

Based on the principles for boundary layer thickness adjustment, the fuzzy rules are designed and shown in Table 2. 

 
Table 2: Fuzzy Tuning Rules of n. 

 

 
S M B 

S NB NB NS 

M PS PB PS 

B NS NB NB 

 

4. Simulation Results and Analysis 
4.1. Simulation Environment 

The simulation environment is built by combining software MATLAB/Simulation and Adams. Adams is an application 

software for virtual mechanical system analysis which can be used for static, kinematic and dynamic simulation. Meanwhile, 

it is a good secondary development tool platform due to its open structure and multiple interfaces, which combines the 

�̇� 

s 

n 

s 

n 
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advantages from different software such as NX and MATLAB/Simulink. Adams receives the imported mechanical structure 

from NX10.0 and then the exports MATLAB/Simulink plugin after adding the input and output parameters to the structure. 

The Adams mechanical structure and the MATLAB/Simulink plugin are shown in Figure 7. 
 

                    
              (a)  Mechanical Structure in Adams                      (b) MATLAB/Simulink Plugin 

Fig. 7: Adams Mechanical Structure and MATLAB/Simulink Plugin. 
 

When the simulation is in progress, Adams will receive the inputs from the MATLAB/Simulink and returns the outputs 

back. At the same time, the real-time movements will display in Adams.  

The mechanical structure model in Adams will change according to the current status which can guarantee the accuracy 

of the model and the reliability of the simulation results.  

 
4.2. PID Controller Simulation 

The simulation results about PID Controller are shown in Figure 8. And the disturbance is added after 5s by rotating the 

disturbance rod at the constant speed of 1.2 rad/s and stopping at the angel of 97°, of which the curve is embed in Figure 8. 

Besides, the disturbance in SMC Simulation and Fuzzy SMC Simulation is the same as in PID Simulation. 

 

 
                 (a) Angle of Connecting Rod                       (b) Angular Velocity of Cross Arm 

Fig. 8: PID-Controller Simulation. 

 

The parameters of PID Controller: 𝑘𝑝, 𝑘𝑖, 𝑘𝑑 are respectively set to 10.0 , 100.0 and 2.0. The angel of connecting rod 

and the angular velocity of cross arm start diverging at 7s, which proves that PID Controller is unable to achieve the control 

effect when the model is under random disturbance. 

 

Inverted 

Pendulum Model Plugin 
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4.3. Sliding Mode Controller (SMC) Simulation  

The simulation results about SMC are shown in Figure 9. 

 

 
                           (a) Angle of Connecting Rod                             (b) Angular Velocity of Cross Arm 

Fig. 9: SMC-Controller Simulation. 

 

The disturbance added to SMC is the same as to PID. The parameters of SMC:  𝑐1,  𝑐2, 𝑐3, ∆1, ∆2 are respectively set to 

27.0, 27.0, 9.0, 0.1, 5. As shown in Figure 9(a), the angle of connecting rod is nearly stable at -4.6° with chattering of which 

the amplitude is about 0.4°. From Figure 9(b), the angular velocity of cross arm is nearly stable at 0 °/s with chattering of 

which the amplitude is about 80 °/s. Besides, the transition starts at 8.8s and stabilizes at11.5s. 

In summary, the SMC can prevent the inverted pendulum from falling when there is random disturbance, which shows 

the better robust than PID Controller. But the strong chattering near the equilibrium position may cause damage to the 

mechanical system.  

 
4.4. Fuzzy Sliding Mode Controller Simulation  

The simulation results about Fuzzy SMC are shown in Figure 10. 

 

 
                         (a) Angle of Connecting Rod                              (b) Angular Velocity of Cross Arm 

 Fig. 10: Fuzzy SMC-Controller Simulation 

 

The parameters and disturbance added to Fuzzy SMC are the same to SMC. As shown in Figure 10(a), the angle of 

connecting rod is nearly stable at -4.58° with chattering of which the amplitude is about 0.04°. From Figure 10(b), the angular 

velocity of cross arm is nearly stable at 0 °/s with chattering of which the amplitude is about 10 °/s. Besides, the transition 

zone starts at 10s and stabilizes at 12.5s.  

Comparing with SMC, Fuzzy SMC controller can effectively reduce chattering. For the angle of connecting rod 𝜃 reduces 

from 0.4° to 0.04° , probably one tenth of the original. And the angular velocity of cross arm �̇� reduces from 80 °/s to 10 °/s , 

about one eighth of the original. However it takes more time about 1s for Fuzzy SMC to let the system reach the dynamic 
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stability. The response speed of the system has decreased, which caused by the real-time adjustment of control parameter 

gain to weak the chattering. 

 

5. Conclusion 
In this paper, a new inverted pendulum model with a motor-driven random disturbance rod is proposed. A simplified 

mathematical model is built for controllers design. Three controllers: PID Controller, Sliding Mode Controller and Fuzzy 

Sliding Model Controller are adopted to control the inverted pendulum under random disturbance. By combing the software 

MATLAB/Simulink and Adams, the control results are well displayed. From the control result, the PID Controller is unable 

to achieve the control objectives and the SMC Controller can meet the control requirement however with strong harmful 

chattering near the equilibrium. By dynamically changing the thickness of the boundary layer through Fuzzy Control, the 

Fuzzy SMC Controller can effectively reduce the chattering on the basis of SMC. As for the control rapid decline caused by 

the boundary layer thickness change in Fuzzy SMC, it can be adjusted by changing the fuzzy rules or related fuzzy parameters 

to find the balance between reducing chattering and increasing control speed.  
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