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Abstract - Memcapacitor is a nonlinear circuit component. It has similar properties to a capacitor but it also shows different 

properties. To the best of our knowledge, a memcapacitor’s stored energy has not been investigated in literature yet. In this work, it has 

been shown that while a capacitor’s energy can be calculated using just its voltage and capacitance, it cannot for a memcapacitor. In 

this work, a memcapacitor modeled with a simple memcapacitance with a linear flux dependency and a saturation mechanism is 

charged with a dc voltage source with a series resistance. Its energy is calculated using simulations It has been shown that the equations 

describing charging of the memcapacitor are quite nonlinear and numerical methods should be employed for calculation of its charge 

and stored energy. Also it has been shown that its charging efficiency might be higher or lower than a LTI capacitor. 
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1. Introduction 
In 1971, L.O. Chua predicted that another fundamental circuit element called memristor should have existed [1].  In 

1976, Chua and Kang claimed that systems called memristive systems showing similar properties to memristors exist and 

they showed a memristive system and a memristor under AC exciation should have a zero-crossing current-voltage 

hysteresis curve in 1977 [2]. Decades later, an HP research team announced that they found the missing fundamental 

circuit element, memristor [3]. Memristor and memristive systems have become a hot research topic nowadays [4-5]. In 

2009, Ventra et al claimed that there should have been circuit elements capacitors and inductors with memories and called 

them memcapacitor and meminductor and they also described memcapacitive and meminductive systems in [6]. Research 

on ionic and solid-state memcapacitors are exist in literature [7-8]. Some materials and devices are reported to have 

memcapacitive properties [7-16]. A bistable non-volatile elastic membrane memcapacitor is shown to exhibite chaotic 

behavior in [17]. It is shown that memcapacitor can be used in chaotic oscillators [18-20]. An inductor-memcapacitor 

oscillation circuit is examined in [21]. Some memcapacitor studies have focused on designing memcapacitor emulator 

circuits [22,23]. Some of the memcapacitor research has focused on its properties, analysis, modeling and teaching [21,23-

27]. A review on memcapacitors can be found in [9]. Charging and discharging of a memcapacitor is inspected in [28]. A 

circuit with a capacitor and memcapacitor have been examined in [29]. Although, memcapacitor is not commercially 

available right now. The direction of research shows that at one point in the future they may come out in the market. There 

is a possibility that it may also emerge as power capacitors or back-up capacitors or memory elements. We should be ready 

to make the best use of it and this can only be done by knowing the element better and indicating its possible usage areas. 

While memristor is a dissipative element [1], meminductor and memcapacitor are not since they are similar to inductor and 

capacitor. Stored energy formula in a linear time-invariant (LTI) capacitor is well-known and tought in high school. 

However, to the best of our knowledge, it has not been investigated yet how to calculate the stored energy in a 
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memcapacitor. In this paper, a circuit consisting of a dc voltage source, a series resistance, and a memcapacitor is studied 

and a methodology has been given to calculate the energy of the memcapacitor. In this paper, a flux dependent 

memcapacitor model, which is similar to those used in [21,24,29], has been used for simulations. However, a saturation 

mechanism is added to the memcapacitor model used in this paper. The charging efficiency of a LTI capacitor from a dc 

voltage source is 50% regardless of its series resistor [30]. The memcapacitor charge efficiency have also been examined 

considering both positive and negative polarities of the memcapacitor used in this study.  

The remainder of the paper is organized as follows. In the second section, the memcapacitor model used in this paper 

is given. In the third section, the charging of a capacitor by a DC Supply with a series resistor and its stored energy is 

reviewed. In the fourth section, it is shown that it is not possible to find a stored energy formula for a memcapacitor as 

simple as an LTI capacitor’s. In the fifth section, charging of the memcapacitor with a constant voltage source considering 

for both of the polarities is simulated and also the simulation results for current, flux, charge, and voltage are given. In the 

sixth section, the memcapacitor’s stored energy and its charging efficiency are calculated numerically for both of its 

polarities by the postprocessing of the simulation data. The paper is finished with the conclusion section. 

 
2. Flux-dependent Memcapacitor Model 

In [6], Ventra et al have described an n
th
 order voltage-controlled (voltage-dependent) memcapacitive system as 

     , ,m C Cq t C x V t V t             (1) 

 , ,C

dx
f x V t

dt
                  (2) 

Where q(t) is the charge on the memcapacitive element at time t , VC(t) is the memcapacitive element voltage, x  is a 

vector representing n internal state variables, and Cm is the memcapacitance (short for memory capacitance), which 

depends on the state of the system.  

In addition, they have defined a subclass of the memcapacitive systems with memcapacitance being only a function of 

the memcapacitor flux, and called them voltage-controlled memcapacitors in [6]. For a memcapacitor, Eqs. (1) and (2) 

reduce to 

     m Cq t C V t            (3) 

and 

 
 C

d t
V t

dt


                           (4) 

Where Cm(λ) is the flux-dependent memcapacitor memcapacitance, q(t) is the memcapacitor charge, VC(t) is the 

memcapacitor voltage, and λ(t) is the memcapacitor flux, which is the integral of memcapacitor voltage by respect to time. 

Memcapacitor flux can be calculated as  

   
t

Ct V d  


 
                 

    0

0

t

Ct V d    
     

                     (5) 

Where λ0 is the initial memcapacitor flux at time being zero. Taylor series are used to present memcapacitance in 

[21,24]. Using Mclaurin series, the memcapacitor’s memcapacitance can be expressed as  
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Ignoring the second or more order terms of Eq. (6) as done in [21,24], the memcapacitance can be taken as 
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the memcapacitor’s memcapacitance can be written as  

    0mC C K t                 (9) 

Now, let’s take a look at the circuit in Figure 1.a. The memcapacitor polarity in this figure is called positive polarity 

and, therefore, the memcapacitor has positive polarity therein. The memcapacitor polarity in Figure 1.b is called negative 

polarity and, therefore, the memcapacitor has negative polarity therein. 

 

 
a)                                         b) 

Fig. 1: a) Memcapacitor with a Positive Flux Coefficient or 

with Positive Polarity. b) Memcapacitor with a Negative Flux 

Coefficient or with Negative Polarity. 

 
Fig. 2: Memcapacitance of the memcapacitor as function of 

memcapacitor-flux if the memcapacitor is not saturated. 

 

There is a saturation mechanism in [6]. It is possible that every memcapacitor has some kind of saturation mechanism. 

That’s why a saturation mechanism is incorporated into the model. The memcapacitor model is modified considering the 

polarities shown in Figure 1 as the following. At SAT  ,  the memcapacitor memcapacitance becomes maximum and it 

is equal to 

 max 0 SATC C K                 (10) 

If the memcapacitor has the positive polarity shown in Figure 1.a. and the memcapacitance becomes maximum, ie. 

maxCC  , the memcapacitor stays constant and equal to maxC as long as the voltage applied stays positive. If the 

memcapacitor has the reverse polarity shown in Figure 1.b. and the memcapacitor memcapacitance becomes minimum, i.e. 

0CC   or and  0 ,  the memcapacitor stays constant and equal to 0C as long as the voltage applied stays negative. If 

the memcapacitor is not saturated, ie. 0 SAT   , the unsaturated memcapacitance function which is used in this paper is 

given in Figure 2.  

 

3. A LTI Capacitor Charged by a DC Voltage Source with a Resistor and its Stored Energy 
An LTI capacitor supplied by a DC voltage source is shown in Figure 3. The solution of the circuit in Figure 3 is well-

known. The circuit current, the capacitor voltage and the capacitor energy are respectively equal to  

  
/t

DC
C

V e
i t

R




 
                (11) 

              /1 t

C DCV t V e  
 
              (12) 

 

2

2

p C

C

C V
E             (13) 

Where VDC is the voltage of the DC voltage source, R is the resistance value in the circuit and Cp is the capacitance of 

the LTI capacitor.  
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In [30], it is shown that the charging capacitor voltage from zero to the supply voltage, the required energy of the 

capacitor is equal to the sum of the energy loss dissipated within the resistor and the energy radiated into space. In [30], it 

is also shown that the energy needed is not dependent on the series resistor shown in Figure 3. Series resistor might even 

be time-dependent however the result would not change. Its charging energy efficiency is always equal to 50%, ie. The 

same amount of energy is wasted to charge the capacitor from a constant voltage source.    

 
Fig. 3: Capacitor Supplied a Constant 

Voltage Source. 

 
a)                                                  b)  

Fig. 4: Charging of a memcapacitor by a DC voltage source with a series resistor with 

the memcapacitor having a) positive and b) negative polarity.

4. On The Calculation of a Memcapacitor’s Energy  
In this section, first, we try to calculate the stored energy of a memcapacitor. The memcapacitor current is calculated 

by taking the derivative of the memcapacitor charge: 

  
   m C m C m C

C C m C m

dq t d C V dC dV dC dVd
i t V C V C

dt dt dt dt d dt dt




                        (14) 

Using the relationship between the memcapacitor voltage and flux,  

 
C

d
V

dt


                (15) 

Eq. (14) turns into 

 
2 Cm
C m

dVC
( ) V C

dt
Ci t




 


            (16) 

The memcapacitor power is 

 
 m C

C C C C

d C V
P V i V

dt
              (17) 

Then, the memcapacitor energy can be expressed as 

2 3

0 0 0

t t t

m C m C
C C C C m C m C

t t t

C dV C dV
E P dt V V C dt V C V dt

dt dt 
  

    
       

    
         (18) 

Remembering that memcapacitance is a function of memcapacitor flux, which is the integration of memcapacitor 

voltage, the integral given in Eq. (18) is not solvable since the flux is dependent on the integration of voltage by respect to 

time. Therefore, the integral in Eq. (18) is path-dependent and a memcapacitor’s energy cannot be found as just a function 

of memcapacitor voltage and memcapacitor parameters as in the case of a linear time-invariant capacitor. That’s why 

numerical integration methods should be employed for its energy calculation. The circuit is solved numerically in the next 

section and the memcapacitor energy is calculated in the sixth section.   
 

5. Charging Memcapacitor with a Constant Voltage Source Considering both Polarities 

Now, let’s take a look at the circuits in Figure 4.a and 4.b. The memcapacitor polarity is positive in Figure 4.a and 

negative Figure 4.b. Using Kirchoff’s Voltage Law; 

 DC R C

m

q
V V V iR

C
                 (19) 
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Where VR and i are the voltage and current of the resistor. Using Kirchoff’s Current Law; the resistor current is equal 

to memcapacitor current; 

 Ci i               (20) 

Using Equation (14), 

 
2m C

DC C m C

C dV
V R V RC V

dt


  


            (21) 

Remembering the Eq. (8), equation (21) turns into 

  2

0
C

DC C C

dV
V RKV R C K V

dt
                          (22) 

Using the relationship between the memcapacitor voltage and flux, ie. Eq. (4),   

 
2 2

0 2DC

d d d
V RK R C K

dt dt dt

  


 
    

 
      (23) 

An analytical solution for Eq. (23) is not possible. That’s why a numerical method must be used to simulate the 

charging of the memcapacitor. Simulink toolbox of Matlab is used to solve the differential equation numerically using 

Range-Kutta method. The system is simulated with the memcapacitor having positive polarity for the parameters given in 

Table 1. The memcapacitor's initial charge is taken zero. The memcapacitor’s flux is taken to be zero for positive polarity 

and λSAT for negative polarity. Memcapacitance, charge, current, flux, and voltage of the memcapacitor is shown in Figures 

5-9 when the memcapacitor for the positive and negative polarities. The voltage of the memcapacitor increases during 

transient and it reaches to the dc supply voltage at steady-state. If the memcapacitor is not saturated, its flux and, therefore, 

memcapacitance varies by time, too. The saturation can also be seen in Figures 5-9 for both of the polarities.  
 

Table 1: The circuit Parameters and Memcapacitor Initial Conditions. 

Parameter K C0 CSAT q(0) VDC R 

Value 0.5 mF/Wb 1.5 mF 2.5 mF 0.05 C 10 V 10 Ω 

 

 

 
          (a) 

 
(b) 

Fig. 5: The Memcapacitor 

Memcapacitance vs Time for a) positive 

and b) negative polarity. 

 
         (a) 

 
(b) 

Fig. 6:  The Memcapacitor Charge vs 

Time for a) positive and b) negative 

polarity. 

 
         (a) 

 
         (b) 

Fig. 7: The Memcapacitor Current vs. 

Time for a) positive and b) negative 

polarity. 
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          (a) 

 
          (b) 

Fig. 8: The Memcapacitor Flux vs. Time 

for a) positive and b) negative polarity. 

 

 

 

 
          (a) 

 
          (b) 

Fig. 9: The Memcapacitor Voltage vs. 

Time for a) positive and b) negative 

polarity. 

 

 

 

 
         (a) 

 
         (b) 

Fig. 10: The Supplied Energy, the Energy 

Loss and the Stored Energy for a) positive 

and b) negative polarity. 

6. Calculation of the Stored Energy of a Memcapacitor and its Comparison to that of an LTI 
Capacitor Considering Both Polarities 

In this section, the stored energy in the memcapacitor, the energy loss within the equivalent series resistor, and the 

energy supplied by the source are calculated postprocessing the simulation data obtained before. The stored energy is 

 

0

lastt T

STORED C C

t

E V dq





         (24) 

where lastT is the simulation time. The energy loss within the equivalent series resistor is 

 
2

0

lastt T

LOSS

t

E i Rdt





         (25) 

The energy supplied by the source is 

    
0 0

0
last lastt T t T

S DC C DC C DC last

t t

E V dq V dq V q T q

 

 

           (26) 

The energy Efficiency of the charging process is 

 STORED C

S S

E E

E E
                  (27) 

For positive and negative polarity, the energy loss within the resistor, the energy stored by the memcapacitor, and the 

energy supplied by the source are simulated and shown in Figure 10. The charging efficiency of the memcapacitor for 

positive and negative polarity are shown in Figure 11 and it has been found that    the charging efficiency is dependent on 

the memcapacitor polarity and might be higher or lower than 50% while it is exactly 50% for an LTI capacitor. The 

charging efficiency is found to be 54.65% for positive polarity and 42.19% for negative polarity. This is an impotant 

finding if memcapacitors are to be used as a memory element to store data. The energy loss in a memcapacitor or a 

memcapcitive system is more complex. 
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7. Conclusion 

Memcapacitor is an elusive circuit element yet and its usage with other circuit elements should be examined in detail 

so that it can be exploited more efficiently. In this work, charging of a memcapacitor with a simple saturable 

memcapacitance and a linear flux dependency from a DC voltage source is simulated and the polarity dependent energy 

losses of the circuit and the memcapacitor’s stored energy are examined from an energy efficiency point of view and 

calculated numerically. It has been shown that the equation describing the memcapacitor’s charging is quite nonlinear, it 

has no exact solution and numerical methods should be employed for calculation of its circuit waveforms and stored 

energy. The saturation mechanism of the memcapacitor also makes transients more complex. It has been found out that the 

time-varying memcapacitance makes finding an energy formula as simple as the case for an LTI capacitor for the 

memcapacitor not possible, it is not sufficient to know a memcapacitor’s voltage for that purpose, and, therefore, numerical 

methods should be employed for its calculation.   

The energy efficiency of a circuit element is an important concept and becoming more and more important while 

energy sources are being depleted on the world. We have shown that the energy efficiency of charging memcapacitors 

might be different than linear time-invariant capacitors. In some cases, it may be advantageous to use memcapacitors if 

such a device emerges in the market in the future. The charging efficiency of the memcapacitor circuit is found to be 

polarity dependent while the energy loss of the circuit consisting of a LTI capacitor, a resistor and a DC voltage source 

does not. However, for charging an LTI capacitor, it is not so. Also, the charging energy efficiency of an LTI capacitor 

supplied by a dc voltage source is always 50% while that of a memcapacitor might be more or less than that.  

In this study, the estimation of the energy stored in a memcapacitor is recognized as a problem since it is not sufficient 

to read its voltage for the prediction of its energy due to the flux-dependence of the memcapacitance of a memcapacitor. 

Estimators (electronics circuits) may be needed for that purpose. It is a challenge for observer or estimator designers and 

circuit theoreticians. Here, we suggest two methods for that purpose. The first method estimates the energy of the 

memcapacitor systems numerically by reading its current and voltage as done in the simulations in this study. Also, a 

second method is a hardware solution and an estimator circuit uses a reading pulse by means of using an inductor can also 

be used. Such a method would also consume energy but the energy it consumes might possibly be ignored especially for 

high energy applications. Due to the space considerations, the methods are told further here and left as future work.  

 The memcapacitors are a subset of the memcapacitive systems whose energy estimation might be more complex than 

memcapacitors. However, the experience gained here can be used to calculate their energy by most-probably employing 

numerical methods, too.         
 Memcapacitor is a quite mysterious element. When more memcapacitor data become available in literature, 

the energy of the memcapacitors should also be investigated more for a better understanding of the circuit element 

memcapacitor so that it can be used more effectively for its possible applications such as memories and energy storage.  
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