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Abstract - In this paper, we examine the entropy generation regarding its magnitude and the limit as time tends to infinity and apply
the second law of thermodynamics to develop mathematical inequalities with heat conduction in adiabatic spheres. The former shows a
bounded entropy generation if the heat conduction is initiated by the initial temperature distribution, but unbounded if the heat
conduction involves a heat source with positive volume average over the sphere. The latter yields various innovative relations that are
useful both for studying differential equations and for examining accuracy of analytical, numerical and experimental results. The work
not only builds up the relation between the second law of thermodynamics and mathematical inequalities, but also offers some
fundamental insights of universe and our future.
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1. Introduction

As an important transport process, heat conduction is governed by the first and the second laws of thermodynamics [1-
3]. With the classical Fourier’s law of heat conduction as the constitutive relation of heat flux density, the relation between
the heat flux density vector and the temperature gradient [1, 4], the first law of thermodynamics yields the classical heat-
conduction equation whose solution provides the temperature field [1, 3]. The application of the Fourier’s law of heat
conduction will then lead to heat transfer rate and the way to control it [1, 3].

Applied to heat conduction, the second law of thermodynamics states that: the entropy generation Sg., of a system
during heat conduction always increases, or, in the limiting case of a reversible process, remains constant, i.e., ngen/dt >
0 with t being the time [5, 6]. This requires that Sgen (t2) = Sgen(t1) for all t; > t;. With knowing temperature field from
the heat-conduction equation, the entropy generation Sg., becomes available [5, 6]. Applying dSge,/dt = 0 and
Sgen(t2) = Sgen(t1) can then yield mathematical inequalities and thus solution features of heat-conduction equations [2].

Energy is conserved by the first law of thermodynamics [1, 5, 6]. The very essence of entropy is the part of system
energy that cannot be transformed into useful work [7]. Any entropy generation will then degrade the quality of energy. It
becomes thus significant and relevant to examine dSge,/dt regarding the way to reduce its magnitude and lim;_,o, Sgen
regarding whether it is bounded or not.

The present work aims to develop above-mentioned mathematical inequalities and examine dSge,/dt and
lim;_, o Sgen With heat conduction in three-dimensional sphere. Note that such an analysis is very limited in the literature
and differs fundamentally from other studies of the second law analysis that mainly aim for improving performance of
practical processes [8-18]. In Section 2, we make analytical derivation of temperature field, entropy generation and its
limit, and mathematical inequalities. Our derivation is made for the heat conduction driven by the initial temperature
distribution, by the internal source and by the both, respectively, with the more details being given for the first case. In
section 3, we summarize the inequalities developed in Section 2 and the physical implication of the entropy generation and
its limit obtained in Section 2. We draw some concluding remarks in Section 4.
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2. Temperature Field, Entropy Generation and Mathematical Inequalities

Consider one dimensional heat conduction along the radial direction in a sphere of radius a with constant material
properties and specified temperature gradient at the boundary, the second kind or Neumann boundary condition [1]. As the
contribution of nonhomogeneous boundary condition to the temperature field can be represented by source and initial
terms [2], we can focus our attention to the following initial-boundary value problem with homogeneous boundary
conditions in spherical coordinates, shown in Fig. 1, without loss of the generality:

T, = ay®AT + f(r,t), (0,a) x (0, +)
Trlr=a =0 1)
Tle=0 = @(1).

where t and T are time and temperature, respectively. aZ is the thermal diffusivity. ¢(r) is the initial temperature
distribution over the sphere. f(r,t) is the rate of heat generation inside the sphere per unit volume and per unit specific

capacity of the material. The heat generation may be due to nuclear, electrical, chemical, gammy-ray, or other sources that
may be a function of time and/or position.

&

(r, 0, 9)

X I
Fig. 1: Heat conduction in adiabatic spheres along the r-direction(6 = m, ¢ = 2)and spherical coordinate system.

2.1. Heat Conduction Initiated by the Initial Temperature Distribution
For the heat conduction driven by the initial temperature distribution, f(r,t) = 0, and Eq. (1) reduces into

Tt = aOZAT,
Trly=a =0 2
Tle=o = @ ().

To obtain the solution of (2), consider T(r,t) = T(t)R(r), applying the superposition principle and initial condition with
the completeness and the orthogonality of the eigenfunction group and its normal square yield the solution of (2),

u@@—ZmeM%wm
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1 a
A= jw@MWVW

(1/2)
where k; = "1 a,»w; = kjag, jo(k;r) is spherical Bessel equation of order 0 and M, is the normal square of j, (k;r).
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Entropy analysis and mathematical inequalities
The total entropy in the sphere is [5, 6],
a a ® 2
Sp(t) = 47rpCVfO [InT, (r, )] r2dr = 47rpCVfO [anAle“"ltjo(klr)] r2dr (5)
=0

Note that S, (¢) is also the total entropy generation for the case of adiabatic boundary conditions with vanished thermal
entropy flux [5, 6]. Applying Eqg. (3), we obtain

a a
. _ . o ,
Jim S, (6) = 4anV.[0 [lntggran¢(r, t)]r dr = 4anVfo InA, r?dr (6)
Whenl = 0,
3
a
My ==, jo(0)=1 @
Therefore,
a 3 a
—_ . 2 - 2
A = 2 ¢(jo(0)r7dr = —3 fo p(r)ridr. @®

which is the volume average of the initial temperature distribution ¢(r) over the sphere, and

Ama®
3

a 3 a 3 a
tl_i)gnoo S,(t) = 47rpCVJO llngjo go(r)rzdrl r2dr = pCVlngf0 @(r)ridr. 9)

which is bounded and equal to system total entropy at a uniform average temperature of the initial temperature distribution
over the whole sphere.

Note that,
as,(t a 1  9T,(rt ay® A (—w?)e 9Lt jo(k;r
() _ ﬂPCVf ol )rzdr — 4mpC, D=0 ool( z_) - Jo(ky )rzdr (10)
dt o Tp(r,t) ot 0 Yo Are™ " jo(kyr)
Applying the principle of entropy increase dS,,(t)/dt = Oleads to,
) 2\, —wft ;
Y20 A (—wi)e @t jo (kyr) r2dr > 0 (11)

0 XAt jo(kr)

As dS,(t)/dt = 0, we also have
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Spt1) = Sp(t) VO< <t <+ (12)

This yields the

a ® a ®
f [lnz A=t (klr)] r2dr < f [lnz Aeoitz jo(klr)] r2dr (13)
0 1=0 0 1=0

Note that

3

@ 5 @ , 4mta
5,(0) = 4anVf0 [lan,(r, 0)]r dr = 47rpCVJ; [Inp(r)] r4dr, Sp(+o) =

3 a
2
3 pCVlna3f0 e()ridr (14)

Applying S, (0) < S, (+) leads to
a 3

4ma
47rpCVf [Ing(r)]ridr <
0

(15)

3 a
pCVln—3f o(r)ridr.
a”Jo

that is

3 (@ 3 (¢
5];) [Inp(r)] ridr < lng‘fo o(r)ridr. (16)

Eq.(16) is the one-dimensional extension over the sphere of well-known Arithmetic-mean---geometric-mean inequality
[19, 20] and can be proven mathematically as following as well.

2.2. Heat Conduction Driven by the Internal Source
For the heat conduction driven exclusively by the internal source, ¢(r) = 0 and Eq. (1) reduces

T, = ag?AT + f(r,t),
Tilr=a =0 (17
T|¢=0 = 0.

By the property of & function and superposition principle, Eq. (15) thus has the solution of

t (0.0)
Te(r,t) = f ZB,e-w?(H) jo(kyr) de
% =0 (18)

1 a
(B =137, f £, Do (kir)ridr

(1/2)
where T stands for the temperature for heat conduction driven exclusively by the internal heat source, k; = “* arw; =

klao.

Entropy analysis and mathematical inequalities
The total entropy in the sphere at time instant t is, which is also the entropy generation up to time instant t,
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a a t 2
Sp(t) = 41‘[pCVf [InT; (r, )] r2dr = Sp(t) = 41‘[,0CVf [lnf Z Be=@i®=D j (k;r) drl rdr
0 0 0~

By applying Eq.(19)

tl_ljrn Se(t) = 41tpCVf [lntl_mlw( ZBle wf (t- D jo (k1) dr)] 2dr

= 4‘]‘[pCVf [ln l_{{rnoo< f f(r,v)rdr dr)] 2dr

Also,

dSy(t) @ 1 9Ts(r,t) afothooBz( w})e @t jo(kyr)dT + £ (r, t)
= 4mp Vf — 2dr = 47rpCVf
dt o Tr(r,t) ot f Y2 o Bl ji (kr)dt

By the second law of thermodynamics, dSs(t)/dt = 0. We have thus, by noting that pC, > 0,

a [ %20 Bi(—wf)e D jo (kyr)dt + £ (1, )
0 f YizoBie” wp (t= T)]o(kﬂ”)dT

r2dr>0

As dSg/dt = 0, we also have
Sp(t) < Sp(tz)  VO< £ < tp <+

We thus obtain the following inequality:

a t1 a ty &
J In -[ Z Be~@l(t1=9 j (kyr) dr || r2dr < f In f Z Bje~@l®=0 j (k,r) dr || r2dr
0 0 1=0 0 0 =0

Also,

a
— : 20 — _
S¢(0) = 41‘[pCVJ; [lntl—lHlon(r’ t)]r dr = —oo

t 3 a
Sp(+0) = 41TpCVf [ln hgrn (J. 5_{ f(r,o)r2dr dr)] redr

As S¢(0) < S¢(+o0), we arrive at:

a t 3 a
4mtpCy f [lntl_i)grnoo (_[ Ef f(r, o) rdr dr)] ridr > —oo,
0 0 0
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Let’s now examine Sy (+o0) in details. For sufficiently large ¢,

a t a 3 t a
Se(t) = 4anVf0 [ln <fo %L f(r,o)ridr dr)] r2dr = 41r3a pCyln (fo %fo f(r, o) r2dr dr) (28)

Consider now the source with a positive volume average over the sphere so that for any time instant t, there exists a
positive value € such that

3 a 3 t a
—3f f(r,O)r?dr=e>0 or _3f drf fr,O)r2dr=>e>0> ¢t (29)
azJo azJo 0
Thus we have
4ma’
Se(t) = 3 PC In(et) (30)

As e > 0, et can be sufficiently large for sufficiently large t. Note also that In x increases always with x. We conclude,
with Eq. (30),

VM>0,3¢t ,whenty<t, M <S(t) (31)
that is

2.3. Heat Conduction Driven by the Initial Temperature Distribution and Internal Source
The temperature field subjected to the effect of both initial temperature distribution and the source term is, by the
superimposition principle,

T§0f (T, t) = TQD (7", t) + Tf(r, t) (33)
With Eqgs. (3) and (18), we have
oo ) t oo ,
Tor 10,0 = ) et joler) + [ " Biemte0 jy(er) dr (34
1=0 0 1=0

()

where kl = lll a w; = klao.

Entropy analysis and mathematical inequalities
The total entropy in the sphere at time instant ¢t is, which is also the entropy generation up to time instant ¢,

a i t 2
Spr(t) = 41TPCV_[ [ln <Z Ae=@tt jo (k) + f Z Bje=@iC=D j (k1) dr)] radr. (35)
0 1=0 0 =0
Also,
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where

Note that

where

a a t
lim S,((t) = 41TpCVf [lntl_iLnOOT(pf(r, t)] r?dr = 4TtpCVf [ln <A0 + tgmw ; By dr)] r2dr

t—+oo 0

3 (¢ 3 (¢
to=5 [ ot oriar, b= [ ool

dS(pf(t) T(pf (T, t) 2
a " C"f[ f(rt)< at )]rdr

o f Y C (- wlz)e“”lt+f D, (— w,z)e“"l(t Ddr + f(r, t)
= amply YCe —wit +fZD e—wl(t D dr

D= Avjollary; Y Di= ) Bujolhr)
1=0 =0

By the second law of thermodynamics that requires dS,(t)/dt = 0, we have

By applying

we obtain

J‘a [Z Ci(—wf) e~ @it 4 fotz D, (—a)lz)e“"lz(t_f) dt + f(r, t)

— T ridr =0
YCe @ttt + [ ¥ De "D dr

Spr(t1) S Sup(ty), VO<t <t <+o0

a d t 2
f [ln (Z Ae=@tt jo (kyr) + f 2 Bie=@T®=9 j (k1) d‘r)l ridr
0 1=0_ 0 =0,
a 2 ¢ 2
< f [ln (Z A=tz o (k) + f Z Bje~@t =0 j (k1) dr)l r2dr
0 1=0 0 =0

Whent; = 0,t, = 400,

a a
Ser(0) = 41'[pCVJ;) [lnT(pf(r, O)] ridr = 41'[pCVJ;) [Inp(r)] r?dr

a t
Spp(+00) = 41TpCVJ. [ln (AO + lim | B, dr)] ridr
0 0

t—>+o

By applying S, (0) < S, s(+), we thus have
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t—+o0

fa[lmp(r)] r?dr < fa [ln (AO + lim tBO dT)] r2dr (45)
0 0 0

Consider now the source with a positive volume average over the sphere so that for any time instant t, there exists a
positive value & such that

3 a
-~ 2
a3fo [f(r,D)]r*dr=e>0 (46)
By using the results in 2.1 and 2.2, we have, for sufficiently large ¢,
a t 3 a a
Spr(t) = 41‘[pCVf [ln <A0 +f EJ- [f(r,©)]r2dr d‘[)] r2dr > 41‘[pCVf [In(A, + et)] r2dr (47)
0 0 0 0

As g > 0, et can be sufficiently large for sufficiently large t. Note also that In x increases always with x. Eq. (47) thus leads
to

VM>0,3t,, whenty <t, M <S,(t) (48)
that is
Jim Sy () = Sp(+00) = +o0 (49)

3. Discussion

Table 1 summarizes the mathematical inequalities obtained from the second law of thermodynamics with the heat
conduction in a sphere driven by the initial temperature distribution, the internal source and the both, respectively. They
are developed by applying the positive semi-definiteness of temporal derivative of entropy generation, the larger entropy
generation at time instant t, than at t;for all t, > t;, and the large entropy generation at time infinity than at initial time
instant of heat conduction as the statements of the second law of thermodynamics convenient to apply. We have also
proven one of these inequalities [Eq. (16)] mathematically. They form a group of tools that could be useful for examining
heat conduction equations and their solutions and serve as the benchmarks of confirming solutions from analytical,
numerical and experimental approaches.

Table 1: Integral inequalities developed in adiabatic spheres.

Heat 2" law of Inequalities
conduction thermodynamics q
ds,(t ay®  A(—w)e Lt jo(k,r
ﬁzo LiZoAl( 1)2 Jo(ky )rzerO
dt 0o XAt jo(kyr)

By initial “ o a oo
temperature Sp(ty) < S, (ty) f anAle—w?tljo(klr) ridr < f lnz Alg—w? 2 jo(kyr) | r2dr
distribution 0 = 0 1=0

3 (¢ 3 (¢
5,(0) < S, (+00) Ef [lnp(@)] ridr < IHEJ’ e(r)ridr
0 0
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ds; ()
de

0 w2 (f— .
f a [ 3520 Bi(—wi)e “t¢ jo(kyr)de + £ (r, )
0 Jy T2 Ble™ @1 o (kyr)dr

a t1 had
f [ln (f Z Bie~®tt1= j (k,r) d’r)] r2dr
0 0 =0
a ty had 2
< J. [ln (f Z Bie~®t 279 j (I,r) dr)l r2dr
0 =

r2dr=>0

By internal

<
source Sp(t1) < S¢(t2)

a t 3 a
S¢(0) < Sp(o0) 41TpCVf [ln lim (f _3f f(r,v)ridr d'r)] r?dr = —
0 =0\ Jo A Jg
a[y C(—w?) e @It + [*D(—wD)e @It dr + f(r, ¢
dS(pf(t)ZO f 1(—wp) Zfo lt( ) i f( )rzerO
dt 0 che_wlt +f0 ZD[ e vl (-1 dt

a * tl ©
P 1 ZA —wfty ; k +f ZB —wf(t1-1) ; k d 2g4
By both initial fo [n<l_0 1€ JoUkeyr) ) L e JoUkyr)dr || redr

temperature Spr(t1) < Syr(ty)
distribution and

a had t2 i
_ J, (2 e teiotr + [ 73 e ot e | ar
internal source 0 =0 0 =0

IA

t—>+o0 0

Spr(0) < S,p(o) fa[lmp(r)] ridr < fa [ln (AO + lim | B, dr)] ridr
0 0

With the adiabatic boundary, the entropy generation is bounded by its values corresponding to that at volume average
temperature of its initial temperature distribution [Eq. (9)] with the heat conduction driven by the initial temperature
distribution, but unbounded [Egs. (32) and (49)] if the heat conduction involves an internal source with a positive volume
average over the sphere. As entropy reflects the part of the system energy that cannot be used to do useful work, it is
critical to limit the use of nuclear, electrical, chemical, gammy-ray, or other sources that could produce positive average
heat generation in adiabatic systems for the interest of our future.

4. Conclusion

By its very essence, entropy represents the part of system energy that cannot be transformed into useful work and is
always generated in all processes. The present work of examining one-dimensional heat-conduction process in an adiabatic
sphere shows a finite value of entropy generation as the time tends to infinity when the heat conduction is initiated by the
initial temperature distribution, but infinity when the conduction involves positive heat source even in its average sense.
Such an analysis is important by noting that our job is to make sure that entropy generation is well-controlled, our future
depends also on whether the entropy generation is bounded. Therefore, we should constrain ourselves in using nuclear,
electrical, chemical, gammy-ray, or other sources that could yield positive average heat generation in adiabatic systems.

By applying the second law of thermodynamics in analyzing heat conduction, we have also obtained mathematical
inequalities of new or classical nature. This not only builds up the relation between mathematical inequalities and the
second law of thermodynamics, but also offers an innovative way of studying differential equations. The obtained
inequalities form a group of benchmarks relations useful for examining accuracy of analytical, numerical and experimental
findings as well.
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