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Abstract - In this paper two dimensional stagnation point of unsteady nanofluid flow over a stretching/shrinking sheet embedded in a
porous medium is analyzed numerically and effects of porosity, heat generation and volume fraction on Nusselt number, skin friction
coefficient and convergence time and velocity and temperature distribution are investigated in detail. Also different behaviors of
stretching and shrinking sheets are observed. Results are reported for three different volume fraction values (0 — 0.1 — 0.2). It is found
that velocity step change increases skin friction coefficient while it has opposite effect on Nusselt humber. Stretching sheet showed
higher variation in skin friction coefficient value with time while shrinking sheet presented higher variation of Nusselt number.
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1. Introduction

In recent years Nanofluids have found a major interest in both industry and research. Every Nanofluid consists of a
base fluid such as water or ethylene glycol and ultra-fine solid particles (1-100nm) called Nano particles which are
suspended in the base fluid [1]. These Nano particles can be both metallic and nonmetallic, these additives are used to
enhance transport properties and heat transfer characteristics of base fluid. Choi [2] used the term “Nanofluid” for the
mixture of Nano particles and base fluid for the first time. Nanofluids have several applications such as in power
generation, automotive, aerospace, biomechanics, etc. also Nanofluids are used as coolants for engines and electronic
devices. Saidur et al. [3] studied applications and further challenges in usage of Nanofluids. Also Wongwises and Trisaksri
[4] focused on different Nanofluids and their characteristics compared to each other in their study and analyzed their
behavior in, forced and natural convection and boiling heat transfer.

Studying Heat transfer coefficient in natural and forced convection problems with different flow regimes and
comparing their abilities over basic fluid for investigating Nanofluid advantages has found an increasing interest in recent
years. Masuda et al. [5] investigated alternation of nanofluids thermal conductivity by dispersing small amount of ultra-
Fine particles of Al,Os3;, SiO, and TiO, into it. Studies on Nanofluid thermal conductivity resulted that base fluid and
Nanoparticles thermal conductivity, volume fraction, Nano particles size and shape and volume to surface ratio are
important factors that influence conductive heat transfer of Nanofluids [4], Hwang et al. [6] suggested that nanofluids
thermal conductivity is influenced mostly by base fluid and Nanoparticles thermal conductivity. Also, Yoo et al. [7] found
the volume to surface ratio as important factor that effects nanofluid thermal conductivity. Most of experimental and
numerical studies show enhancement in thermal conductivity by adding Nano particles to base fluid, for example Choi [1]
reported high thermal conductivity enhancement by using copper Nano particles in water and also he reported 150%
increase in poly (a-olefin) oil thermal conductivity by adding Nano particles at 1% volume fraction.

Many theoretical and experimental studies have been performed on nanofluid convective heat transfer, for example
Daungthongsukand and Wongwises [8] and Kaka¢ and Pramuanjaroenkij [9] summarized important researches on
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convective heat transfer of nanofluids. Also, Ding and Wen [10] research are examples of experimental studies on
Convective heat transfer. Unlike thermal conduction and forced convection, experiments on natural convection show
reduction in heat transfer by utilizing nanofluids. Ding and Wen [11] discussed possible reasons for this behavior.

Boundary layer flow and heat transfer of nanofluids on stretching/shrinking sheets embedded in porous medium has
attracted a great deal of attention in recent years because of its broad application in metallurgy and mechanical forming
processes, in these processes quality of the final product is a function of skin fraction coefficient and heat transfer rate [12].
Lakshmisha et al. [13] performed a numerical study on heat and mass transfer of Nanofluids on 3-D unsteady flow over a
stretching sheet. Backok et al. [14] transformed partial deferential equations to ordinary ones and studied heat transfer of
unsteady boundary layer flow on stretching/shrinking sheet and found that dual solutions exist for both stretching and
shrinking cases. Also, Backok [15] analyzed nanofluids flow and its heat transfer on a porous rotational plane. Elbashbeshy
and Bazid [16] carried out a similar study with heat source and isothermal condition for the plane and studied effects of
prandtl number, permeability, suction and heat generation parameter on velocity, temperature and thermal boundary layer
thickness, they also concluded that heat transfer rate decreases with heat generation and permeability and increases with
prandtl number. Nazer et al. [17] analyzed unsteady boundary layer near stagnation point for stretching sheet. Hamad [18]
studied stagnation point flow on stretching/shrinking sheet for 3 different nanofluids and analyzed the effect of various
parameters such as nanofluid type and volume fraction on heat transfer and friction coefficient, also Rana [19] studied flow
on stretching sheet with nonlinear velocity. Pal and Mandel [20] research is One of the recent numerical studies on mixed
convection steady stagnation point flow on stretching/shrinking sheet problem which considered the effect of permeability,
heat generation, radiation and suction/injection in their solution. Numerous studies have been performed to analyze
magnetic field effect on flow and heat transfer. Elbashbeshy [21] studied influence of radiation and magnetic fluid on
unsteady flow on stretching sheet. One of the basic assumptions in nanofluids problems is no slip flow which assumes that
no slip occurs between base fluid and nanoparticles, Van gorder [22] discussed slip flow on their studies.

Obijective of this paper is to study unsteady stagnation point flow with mixed convection heat transfer on porous
stretching/shrinking sheet in the presence of heat generation and radiation when a sudden-step change happens in plane
velocity by using similarity solutions. Skin-friction coefficient, local Nusselt number and convergence time are reported
and examined. Particles and base fluid are assumed in thermal equilibrium and there is no-slip between base fluid and
nanoparticles.

2. Formulation of the Problem

We consider an unsteady two dimensional stagnation point laminar flow of a viscous incompressible nanofluid over
a permeable stretching/shrinking sheet with heat generation/absorption surrounded by a porous media. y is the coordinate
normal to sheet surface and x is the coordinate along the sheet It’s assumed that velocity of free stream is U, = ax where
‘a’ is a constant,v,, (x, t) is mass flux velocity from sheet with v,,(x,t) > 0 for injection and v, (x,t) < 0 for suction.
Also it’s Assumed that Wall is stretched or shrunk with the velocity u,, = tcx (c is a constant) when a step change
happens in its velocity by change in its constant c* = +0.1c, so that changed velocity becomes u* = +(c + c¢*)x. Also we
have T, for constant nanofluid ambient temperature and T, for constant wall temperature, Q, is heat generation/absorption
parameter (Q, > 0 for heat generation and Q, < 0 for heat absorption), also “t” represents time and u and v are velocities
along x and y axis. Schematic diagram of the problem, coordinate system and physical model is shown in figure 1.
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Fig. 1: Schematic diagram of the problem.
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Incompressibility, Thermal equilibrium and no slip condition are some of basic assumptions in this study which we
already discussed. Under these assumptions continuity and unsteady boundary layer equations of momentum and energy
for an incompressible and viscous nanofluid with considering thermal radiation, heat source or sink and mass injection or
suction are:

ou N v 0 1)
ox 9y
ou ou ou dU(x) Hnf 0%u Unf (pﬁ)nf
— U — - T—Ty 2
6t+u6x+v6y ) dx +p fay p K(U(x) )+ P 9( ) 2)
oT o oT ey oT 0%T 1 0q, N Qo T—T.) @
a5 = anf 22 7 _~\ A 9 Lo
at '~ ox | dy dy? (pCp)nf dy (pCp)nf
Boundary conditions considered for stretching/shrinking sheet in initial case (t=0) are:
u=uw=icxv=vWT=Tw=Too+b(x/l) at y=0 4)

u->Upy=axv->0T->T, as y - o

And Boundary conditions considered for stretching/shrinking sheet after step change case (t>0) are:

b
-x at y=0 )

u=u,x)=(>(x0lc)x=c"x v=r1, TW=TO°+I

T is the temperature of nanofluid, p,, s is nanofluid density, Kot s thermal conductivity of nanofluid Uny is nanofluid
the coefficient of viscosity ,%nt s thermal diffusivity of nanofluid , P is nanofluid thermal expansion and (C o Do is

nanofluid heat capacity. These thermophysical parameters are defined as follow [25]:

pny = (1 —P)ps + ¢ ps

e < )nf
PBng = (L= (pB)s + ¢ (pB)s ©)
(pCp)nf = (@1- ¢)(pCp)f t ¢ (pCp)s

kng (ks + 2ks) — 2¢(ky — k)

ke (ks + 2ks) + 2¢(ky — k)

And nanofluid viscosity as suggested by Brinkman [32]:
Py _ 1
ur o (1—¢)2° (7)

¢ Is volume fraction of Nanoparticles in base fluid, ©f is base fluid density, Ps s nanoparticle density, i s
viscosity of base fluid, Kt is base fluid thermal conductivity, Ks represents nanoparticles thermal conductivity, (PCe)s is

base fluid heat capacity and (Co ) represents nanoparticle heat capacity. Radiation heat flux is formulated by
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considering Rosseland approximation. Pal and Mandal [20] derived this equation by expanding T * as Taylor series

nearTw .

0q, _ 160°T39°T

e~ 8
dy 3K* 0dy? ®
We use non-dimensional variables and introduce the following non-dimensional time variable:
T-Teo _ c %
¥ =chpxFamy, Oay =7— 0 1 —\/;—fy , T =tc ©)
Y Is stream function, thus continuity equation (1) is satisfied identically. With these new similarly variables,
velocities in x and y directions are:
oy , o _ [
u= E = cxFy v = o c9¢Fp (10)
Substituting equations (9) and (10) in equation (2) momentum equation (10) becomes:
Fl. = FF" 2 a’ " a ’
= FF = F 4+ A(F +K1(E—F) + BA®
A= 5
1— 2.5 ( — _S)
1-9¢)**(1-9¢+ ¢,0f (11)
(pﬁ)s)
1—¢p+ s
B = ( ¢t¢ (P.B)f
Ps
1-¢+92)
( ¢ ¢Pf
Substituting equations (9) and (10) in equation (3), energy equation (11) becomes:
0 = 0"+ (FO'—F'6)+TA0
Preff
(pcp)nf
Boundary conditions for unsteady problem are:
F=S, F'=14016=1 at n =0 (for stretching sheet)
F=S§ F =-14016=1 at n =0 (forshrinking sheet) (13)
F' - % 6-0 as N — 00
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Where F! and @; are F’ and 6 time derivatives respectively, 1 = is heat source/sink parameter, S = ——==is
f f p y ( Cp)f p vV Cvf
9f . . .
mass flux parameter K = é is porous parameter A = g;p )b is mixed convection parameter, Pr, ¢ = f— is effective
¢ HLUBY Y
kf r

160 oo

Prandtl number where Pr = Z—f is Prandtl number and N, = is radiation parameter.
f

Pal and Mandal [27] used these symbols for making their basm equations simpler to study and showing their non-
dimensional effective parameters on solution. None dimensionalizing of equations is done by initial velocity constant ‘c’
so after step change in velocity our differential equations don’t change and only boundary conditions change.

It is assumed that the flow is steady at time t* = 0 and becomes unsteady for t* > 0 Due to a step change in the
velocity of the sheet. Hence the initial condition are given by the steady-state equations obtained by substituting F/- =
6.+ = 0 in equations (12) and (13):

2 a?
FF" —F” +—+A(F" + K, (——F) +BA6 = 0
c

(14)
0"+ (F6'—F'0)+TA0 =0 (15)
Preff
The corresponding boundary condition are

F=S F'=16=1 at 1n =0 (forstretching sheet)

F=S F'=-16=1 at 1 =0 (forshrinking sheet) (16)
a
F' > Z 6 -0 as n —

Also Boundary conditions as as y — oo remain unchanged. Skin friction coefficient and local Nusselt number are
defined by:

Cr = ;f;f G, )y 0 (skin-friction coefficient) -
—Xkny oT
Nu, = " ToT) )( 5)3,:0 (local Nusselt number) (18)

Substituting equations (17) and (18) in equations (13) and (14) .Skin friction coefficient and local Nusselt number are
derived as:

k
— % __F"0)  Re*Nu,=--L9'(0) (19)

Rel?c. =
F=

2

AN CETE
3. Results and Discussion

By using similarity variables (9), nonlinear partial differential equations of momentum (2) and energy (3) are
transformed into coupled linear third-order deferential equations (10) and (11) which are easier to be studied and solved
numerically. A numerical code based on the finite-difference method has been developed to solve nonlinear

Differential equations (10) and (11) subject to boundary conditions (13) and initial condition (14) and (15). Numerical
method chosen for this study is Forth order Runge-Kutta method which its accuracy for our problem is validated by
previous studies on similar steady problem [27].
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In order to analyze the effect of permeability parameter, heat generation and volume fraction in unsteady problem,
numerical results are presented in figures 5-8. Table-1 shows thermophysical properties for base fluid and
Nanoparticles used for this study.

Table 1: thermophysical properties of base fluid and Nano particle materials.

Physical properties (I?;;fegu'd Cu Al,04 TiO,
C,(J/kg.K) 4179 385 765 686.2
p(kg/m?3) 997.1 8933 3970 4250
k(W/m.K) 0.613 400 40 8.9538
a X 1077(m?/s) 1.47 1163.1 131.7 30.7

In order to validate present results, data obtained from numerical method is compared with those obtained from the steady
problem solved by Pal and Mandala [27]. Figure 2 shows acceptable agreement between present results and previous
studies, proving that forth order Runge-Kutta method is a very accurate numerical method for this problem. It should be
noted that in this numerical study, a/c parameter has the constant value of 2 in order to have comparable final results.
Previous studies [27] show significant change in stretching/shrinking sheet velocity and temperature distributions with
different values of a/c.

= present results

0.9 = = =Pal and Mandal
¢=0.1 a/c=2
08 k=0 4=05

2=0.15=0.1 per, aﬂ=3.5

= shrinking sheet

$=01 alc=2 03

k=0 4=05
! [sretaing sheet
A=0.1 =01 per . =3.5 02
= present resufts 01
= = =Pal and Mandal
-1 0 = =
[ 05 1 15 [ 0.2 04 06 08 1 12

n n
Fig. 2: the comparison of results of present study with Pal and Mandal [27].

In order to observe the variation of velocity and temperature over time, some example plots have been reported in
figure 3. Figure 3 shows the initial and final temperature and velocity profile for specific values of porosity and heat
generation parameters. It can be seen that stretching sheet has a higher velocity distribution than shrinking sheet
whereas shrinking sheet has a higher temperature profile. This behavior can be seen for all different volume fractions
and other physical parameters of the system. Unsteady velocity and temperature profiles at ¢* = +0.1¢ have been
shown in red lines in figure3 for a more detailed look. It can be seen that for both type of sheets, increasing sheet
velocity coefficient “c” increases velocity distribution and decreases temperature distribution and decreasing this
parameter “c” results opposite. It can be observed that shrinking sheet temperature profile shows higher
increase/decrease with various amounts of c*. Also shrinking sheet has a higher slope in stagnation point (n = 0) for
velocity and lower slope for temperature. As expected, skin friction coefficient increases with volume fraction value.
Additionally, skin friction coefficient increases for ¢* = —0.1c and decreases for ¢* = 4+0.1c , this also can be seen
from derivation change of velocity diagram with time near the wall in figure 3.

Figure (4) shows the variation of stretching sheet skin-friction coefficient with time for different nanoparticle
volume fractions (¢ = 0,0.1,0.2) at (c¢* = £0.1¢) for cu-water nanofluid. It can be observed that skin friction
variations for ¢* = 0.1c and ¢* = —0.1c is different for every value of volume fraction and the differences between
final steady states becomes larger by volume fraction increase. Also one can see that time needed for reaching the new
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steady state of the flow is shorter for ¢* = 0.1¢ compared to c* = —0.1c and it decreases more by the increase of non-
dimensional porosity number. Skin-fraction coefficient increases with Porous parameter, this behavior was expected due to
physical effects of a porous media subject to a flow. Heat generation/absorption affects momentum equation indirectly by
non-dimensional temperature in buoyancy force term. Heat generation/absorption parameter increases skin friction
coefficient and its growth rate is higher for larger volume fraction (due to the “B” parameter that is a function of volume
fraction). Figure (5) shows the variation of stretching sheet local Nusselt number with time for different nanoparticle
volume fractions (¢ = 0,0.1,0.2) at (¢* = +0.1¢) for cu-water nanofluid. It can be seen that Energy Equation Convergence
time is larger than momentum equation (roughly more than 50%) and this condition can be seen in most of coupled
momentum and energy equations due to their dependency. Convergence time is shorter for ¢* = 4+0.1c compared to c* =
—0.1c similar to momentum convergence time. Volume fraction has a considerable effect on local Nusselt number
(roughly 50% increase) and shows nanofluids potential ability for enhancing heat transfer into this group of problems.
Figure 5 shows that unlike skin friction coefficient, local Nusselt number increases with ¢* = +0.1¢ and decreases with
¢* = —0.1c as could be seen previously in figure 5. Porous parameter causes a small increase in local Nusselt number and
a slight decrease in convergence time also the increase in heat generation/absorption parameter causes a decrease in local
Nusselt number and a small decrease in convergence time.
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Fig. 3: initial (steady state), final and unsteady velocity and temperature profiles of stretching and shrinking sheet (Pres = 3.5 S =
01 $=02A=0A=053/.=2K=0).

Variations of skin friction coefficient and Nusselt number in shrinking sheet with time for different nanoparticle
volume fractions (¢ = 0/0.1/0.2) at ¢c* = +0.1¢ for cu-water nanofluid are shown respectively in figure 6 and figure 7.
These data exhibit the major difference between stretching and shrinking sheet physical behavior. Shrinking sheet
convergence time is higher than stretching sheet for both momentum and energy equations. As it can be seen from figure 6,
for a particular volume fraction and permeability, skin friction coefficient of shrinking sheet is always higher than
stretching sheet. Heat generation parameter causes a decrease in both convergence time and Nusselt number. Although it
can be observed that its affect is negligible. Similar to stretching sheet convergence time increases with volume fraction
and decreases with permeability parameter.
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Unlike the skin friction coefficient, Nusselt number decreases in shrinking sheet in comparison with stretching
sheet (figure 7). Convergence time decreases more with sheet speed increment due to longer time it takes for
momentum equation to reach steady state. Nusselt number increases with volume fraction and permeability parameter,
also heat generation causes the Nusselt number to decrease. It can be observed that convergence time increases with
volume fraction and decreases with permeability and heat generation parameter.

a i

—cmlie --£ ' OE —c e -- g m e

Fig. 4: variation of skin friction coefficient of stretching sheet with time for different Nano particle volume
fraction (¢ = 0, 0.1, 0.2), different heat generation parameter and different porous parameter for cu-water
nanofluid. (Preg = 3.5 S=0.1 3/ =2A = 0.5).
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Fig. 5: variation of local Nusselt number of stretching sheet with time for different Nano particle volume fraction
(b = 0,0.1,0.2), different heat generation parameter and different porous parameter for cu-water nanofluid.
(Pregs =3.5S=0.1 8/.=2A=0.5).
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Fig. 6: variation of skin friction coefficient of shrinking sheet with time for different Nano particle volume
fraction (¢ = 0, 0.1, 0.2), different heat generation parameter and different porous parameter for cu-water
nanofluid. (Preg = 3.5 S=0.1 /. =2,A=0.5)
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Fig. 7: variation of local Nusselt number of shrinking sheet with time for different Nano particle volume fraction
(¢ = 0,0.1,0.2), different heat generation parameter and different porous parameter for cu-water nanofluid.
(Press=3.5S=0.13/=2A=0.5)

4. Conclusions

In this paper we discussed unsteady two dimensional stagnation point flow of a cu — water nanofluid for stretching
and shrinking sheet in detail. The initial steady state was considered perturbed by a step change in the stretching/shrinking
sheet velocity that affects both flow velocity and temperature distribution. Effects of heat generation, volume fraction and
porosity on convergence time and heat transfer parameters has been investigated and variations of Nusselt number and skin
friction coefficient with time has been analyzed. Stretching sheet shows higher values in Nusselt number while shrinking
sheet represents higher values of skin friction compared to stretching sheet. Results show that by increasing sheet velocity,
skin friction increases while Nusselt number decreases for both stretching and shrinking sheets. Also it was shown that the
drop in shrinking sheet Nusselt number value is more significant compared to stretching sheet while stretching sheet
presents higher variation in skin friction coefficient with time compared to shrinking sheet.
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