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Abstract - A two-dimensional heat conduction model was developed to determine the transient temperature distribution within a flat 

substrate that was exposed to the impingement of a cold spray hot air jet during the deposition process. The credibility of employing 

average heat transfer coefficient in mathematical modelling and prediction of the surface temperature profile of a substrate was studied. 

Moreover, the condition under which the effect of the presence of the in-flight particles on the heat transfer coefficient of the under-

expanding air jet can be neglected was investigated. In this regard, a cold spray unit was used to generate a supersonic air jet. A two-

dimensional heat conduction model was developed and solved by using Green’s functions to determine the temperature distribution 

within the substrate. By applying a surface integral to the analytically-estimated spatially-varying heat transfer coefficient of an under-

expanding cold spray air jet, the average heat transfer coefficient was determined. Both the average and spatially-varying heat transfer 

coefficients were used separately in the model to predict the transient surface temperature profile of the substrate. It was shown that 

when the Stokes number of the particles is sufficiently small, the effect of the presence of the particles on the heat transfer coefficient 

of the impinging dilute air-particle jet can be neglected. It was further found that the surface temperature that was predicted by using 

the average heat transfer coefficient, unlike the spatially-varying heat transfer coefficient, produced large errors, especially at higher 

distances from the stagnation point of the air jet on the substrate surface.  
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1. Introduction 
Cold spraying is a coating fabrication process in which a supersonic air jet is generated to accelerate and direct 

micron-sized powder particles toward the substrate in order to form a dense and adherent coating [1]. The quality and the 

deposition efficiency of the final coatings are significantly affected by substrate surface heating during the thermal or cold 

spraying process [2, 3]. For instance, Watanabe, et al. [3] investigated the effect of surface temperature on the adhesion 

strength of cold-sprayed coatings. It was found that increasing the substrate temperature resulted in higher adhesion 

strength of copper (Cu) coatings on A5083 aluminum, iron (Fe), and Cu substrates. Therefore, investigation of the gas-

substrate heat transfer becomes important. 

Several studies have been conducted to investigate the heat exchange between the impinging air jet that was generated 

by a cold spray nozzle and the substrate [4 - 6]. Mahdavi and McDonald developed a semi-empirical analytical model to 

predict the spatially-varying heat transfer coefficient between an under-expanding air jet and a flat substrate during cold 

spraying [4, 5]. The aforementioned model was capable of predicting the transient surface temperature profile of the 

substrate. On the other hand, a few numerical and analytical studies have modelled the gas-substrate heat exchange by 

applying an analytically-estimated external average heat flux, or by using average heat transfer coefficient to evaluate the 

heat flux [7]. In this regard, a challenging issue may arise as to whether or not employing average heat transfer coefficient 

in the mathematical modelling considerably influences on the determination of the surface temperature profile of the target 

substrate. Moreover, in the aforementioned studies on the prediction of the heat transfer coefficient, the effect of the 

presence of the in-flight particles on the heat transfer coefficient was neglected. However, in some cases, the existence of 

the particles may affect the flow pattern and the heat transfer coefficient of the air jet [8]. 

The main objectives of the current study were to (i) evaluate the conditions in which the influence of the particles on 

heat transfer coefficient could be neglected, (ii) employ the analytical heat conduction model to determine the surface 

temperature profile for average and spatially-varying heat transfer coefficient, and (iii) compare the analytically-estimated 
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and experimentally-measured surface temperature to evaluate the suitability of using the average heat transfer coefficient to 

determine the transient surface temperature of the substrate that was exposed to an impinging cold spray air jet.  

 

2. Experimental Procedure 
A low-pressure cold spray unit (SST Series P, Centerline, Ltd., Windsor, ON, Canada) and a programmed robot 

(Motoman-HP20, Yaskawa Electric Corp., Waukegan, IL, USA) were employed to generate and direct a supersonic air jet. 

The distance between the nozzle exit and the substrate was 15 mm. The substrate was a disk-shape aluminum 6061-T6. 

The information on the substrate and the cold spray system parameters that were used in this study are summarized in 

Table 1. The back surface of the substrate was insulated by attaching a thermal insulation material, vitreous aluminosilicate 

fiber (ISAFORM 2300° L.O., Insulation Specialties of America, Inc., Wanatah, IN, USA) to prevent it from exchanging 

heat with the ambient air. The transient temperatures of the surface of the substrate were measured by using a calibrated 

infrared camera (FLIR A65, FLIR Systems, Inc., Nashua, NH, USA). According to the manufacturer, the bias uncertainty 

of the camera measurement was ±5°C or 5% of the reading. In order to obtain accurate measurements during the 

experiments, the front surface of the smooth substrate was painted black so as to approximate the conditions of a black 

body. Subsequently, the emissivity of the substrate material was set to 0.96 on the infrared camera. 

 
Table 1: Information on substrate and cold spray parameters. 

 

Air temperature 300˚C 

Air pressure 660 kPa 

Nozzle exit diameter (Dn) 6.3 mm 

Substrate diameter (2b) 200 mm 

Substrate thickness (δ) 1.5 mm 

Substrate thermal conductivity (ks) 167 W/m-K 

 

3. Analytical Method 
Due to the high velocity of the under-expanding hot air jet over the substrate, a significant amount of thermal energy 

was presumed to be transferred from the impinging air jet to the flat substrate. A two dimensional heat conduction model 

was developed to evaluate the temperature distribution within the substrate that was exposed to the impingement of a cold 

spray air jet. The impinging air jet was considered to produce an external heat flux, creating a boundary condition of third 

kind. The schematic of the geometry of the mathematical model is shown in Fig. 1.  

 

 
Fig. 1: Schematic of the mathematical model [5]. 

  

The governing equation for the transient three-dimensional heat conduction model is 
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where αs is the thermal diffusivity of the substrate material. The boundary conditions and initial condition are 
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In Eq. (4) ks is the thermal conductivity of the substrate material. The external heat flux on the front surface of the 

substrate is given by Eq. (4), where h is the spatially-varying forced convective heat transfer coefficient between the front 

surface and the under-expanding air jet, and TAW represents the adiabatic wall temperature of the impinging air jet over the 

substrate [4]. The adiabatic wall temperature (TAW) takes into account the effect of viscous dissipation during the 

impingement and spreading of a compressible high-velocity air jet upon the substrate. In Eq. (6) T0 represents the initial 

temperature of the substrate. Green’s functions were employed in solution of the heat conduction governing equation and 

the final expression for the temperature distribution within the substrate was found to be 
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where J represents the Bessel function of the first kind. In Eq. (7), ζi and N(ζi) are the eigenvalues and Norm of the 

differential equation in the radial coordinate (0 ≤ r ≤ b), respectively, and can be calculated as 
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In Eq. (7), βj and N(βj) are the eigenvalues and Norm of the differential equation in the axial coordinate (0 ≤ z ≤ δ), 

respectively, and can be calculated from 
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 Equation (7) represents the analytical solution to determine the temperature distribution within the substrate exposed 

to an impinging hot air jet of a cold spray unit. A zero-dimensional code in MATLAB (MathWorks, Inc., Natick, MA, 

USA) was developed to solve for temperature values from the explicit expression for T(r, z, t). 

 

4. Results and Discussion 
Estimates of the heat transfer coefficient of the under-expanding air jet were required in order to determine the 

transient temperature distribution within the substrate. In this regard, Mahdavi and McDonald [4] developed a semi-

empirical analytical model to predict the spatially-varying convective heat transfer coefficient of a cold spray impinging air 

jet at various working temperatures and pressures of the system. Figure 2 shows the spatially-varying Nusselt number of an 

under-expanded air jet generated by a cold spray system at a pressure of 660 kPa (96 psig) and temperature of 300°C [4]. 

The non-dimensional Nusselt number, Nu, is defined as 
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where kg is thermal conductivity of the air (working gas). The distance from the stagnation point of the impinging jet was 

non-dimensionalized as 
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where r is the radial distance from the stagnation point of the impinging air jet. The stagnation point of the impinging air 

jet is at r = 0. 

 

 
Fig. 2: Non-dimensional Nusselt number of the impinging air jet produced by a cold spray system as a function of non-dimensional 

radial distance from the stagnation point [4]. 

 

In the aforementioned semi-empirical analytical model that was used to determine the heat transfer coefficient of the 

impinging air jet [4], the effect of the presence of the particles in the air jet was neglected. However, the presence of the 

metal or alloy powder particles in the supersonic air jet is essential for fabrication of the coatings. Therefore, that the issue 

is whether or not the presence of the particles noticeably affects the convective heat transfer coefficient of the impinging 

air jet. 

In numerical modelling of the cold spray process, it is a common assumption to neglect particle/particle collision in 

order to reduce the complexity and cost of the modelling, when the air-particle mixture is sufficiently dilute. Under 
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experimental and practical conditions in actual cold spraying, the aforementioned assumption is valid when the volume 

fraction of the discrete phase (particles) in the air-particle mixture is sufficiently low [9]. Moreover, the particle-air 

interaction can be characterized by introducing the non-dimensional Stokes number (Stk). The Stokes number is the ratio 

of the momentum response time of the particle (τp) to the characteristic time of the flow field (Dn/ug). The Stokes number is 

expressed as [9] 
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where ug represents the average velocity of the air jet. In Eq. (14), the momentum response time of the particle (τp) is 

defined as the time that a particle requires to respond to any changes in velocity and it is expressed as [9] 
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where ρp and dp are the density and diameter of the particle, respectively, and μg is the air (working gas) viscosity. For 

small Stokes number (Stk < 1), the response time of the particles is less than the characteristic time of the flow field; 

therefore, the particles have sufficient time to respond to variations in the flow field. As a result, the velocity of the 

particles will be almost the same as that of the gas flow velocity. On the contrary, for large Stokes number (Stk >> 1), the 

particle velocity will be marginally affected by the gas flow velocity [9]. Thus, it is expected that for a dilute gas-particle 

mixture jet with small Stokes number, the particles will follow the air jet flow pattern during the impingement and under-

expansion of the air jet over the substrate [8]. In other words, the velocity and flow pattern of the air jet will likely be 

minimally affected by the particles. Consequently, the heat transfer coefficient that was estimated for an impinging air jet 

without consideration of the presence of the particles can be applied to the case of an actual cold spray air-particle mixture 

jet, since the heat transfer coefficient is primarily dependent on the velocity and flow pattern of the working fluid [10]. In 

the current study, it was assumed that the sizes of the particles were in a range such that their Stokes numbers were on the 

order of unity or less. Thus, since the Stokes numbers were on the order of 1 or less, the analytically-estimated heat transfer 

coefficient values that were found by Mahdavi and McDonald [4] were used in the current study to investigate the effect of 

employing average heat transfer coefficient in mathematical modelling on the substrate surface temperature profile. In this 

regard, the spatially-varying heat transfer coefficient was integrated over a region of 7Dn on the substrate surface, which 

likely covered the region of the front surface of the substrate that was most affected by the impinging air jet, according to 

the experimental observations. The average heat transfer coefficient (h̅) was evaluated as 
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The average heat transfer coefficient obtained from Eq. (16) was substituted in Eqs. (7) and (10) in order to 

determine the transient surface temperature profile of a substrate that was exposed to a stationary impinging air jet. The 

surface temperature profiles were predicted at various times in the form of non-dimensional Fourier numbers (Fo = αs t / δ2) 

of 27, 81, and 137. Figure 3 shows comparisons of the experimentally-measured and predicted non-dimensional surface 

temperature profiles as a function of the distance from the stagnation point at different Fourier numbers. Both average and 

spatially-varying heat transfer coefficient were separately used in the mathematical model to predict the surface 

temperature profile. It was found that using the average heat transfer coefficient resulted in large deviations of the 
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predicted substrate surface temperature from those obtained from the experiments, while the analytically-estimated surface 

temperature that was obtained by using the spatially varying heat transfer coefficient was in good agreement with the 

experimental data. Due to the spatial variation of the velocity of the under-expanding air flow over the substrate, the heat 

transfer coefficient was strongly dependent on the distance from the stagnation point of the jet [4]. According to Newton’s 

law of cooling, the estimated temperature is highly dependent on the variation of the heat transfer coefficient [11]. 

Therefore, use of the average heat transfer coefficient would neglect the effects of spatial variation of this parameter, which 

in turn would produce errors in predicting the surface temperature profile of the substrate. 

 

 
 

(a) 

 

 
 

(b) 

 

 
 

(c) 

 
 

(d) 
Fig. 3: Comparison of the experimental and analytical non-dimensional temperature profile at different Fourier numbers for 

(a) – (c) average and (d) spatially-varying heat transfer coefficient [4]. 

 

5. Conclusion 
A two-dimensional heat conduction model was developed to assess the suitability of using average heat transfer 

coefficient in predicting the temperature distribution of a substrate surface during cold spraying. It was shown that under 

specific conditions, when the Stokes number of the particles is sufficiently small, the effect of the presence of the particles 

on the heat transfer coefficient of the impinging dilute air-particle jet can be neglected. It was further found that employing 

average heat transfer coefficient generated significant deviations between the predicted and experimental surface 

temperatures. It was concluded that the spatially-varying heat transfer coefficient should be used in the heat conduction 

model to predict the surface temperatrure of the substrate during the impingement of an actual cold spray air-particle jet 

with small Stokes number. 
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