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Abstract - In this paper, the radiation heat transfer is calculated numerically in a three dimensional enclosure containing non-gray 

gases. The radiation heat transfer equation is solved using the finite-volume formulation of discrete ordinate method and the SLW 

model is employed to calculate the radiation absorption coefficients. Three cases are simulated here including the 

isothermal/homogeneous, isothermal/nonhomogeneous, and the non-isothermal/homogeneous media. The calculated radiation source 

terms and the wall heat fluxes are compared with the results of SNB method. It is shown that the SLW results are in very good 

agreement with the SNB in case of isothermal/homogeneous. In the two other cases, the SLW results show more deviations than this 

one. It is because the SLW formulation employs more additional assumptions to calculate the radiation in media with non-uniform 

distribution of temperature or mixture composition and multicomponent gas mixture. However, comparing the results of SLW with 

those of the WSGG model, it indicates that the former case would be more accurate. This is because the parameters of SLW model are 

calculated directly from the high resolution spectroscopic database of gas molecules.  
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1. Introduction 
In the global models, the RTE is integrated over the absorption coefficient instead of the wavenumber. The most 

popular global model called Weighted-Sum-of-Gray-Gases model (WSGGM) was first proposed within the framework of 

the zonal method [1], but it was demonstrated that it can be applied with general RTE solution method [2]. It represents the 

spectrum with a few gray gases, ordinary 4 or 5, that occupy certain portions of the spectrum. WSGGM assumes that total 

emissivity of gas mixture can be represented by the sum of a gray gas emissivity weighted with a temperature dependent 

factor. The gray gas emissivity is expressed in terms of a temperature-independent absorption coefficient and the weighting 

factors are given by polynomials in gas temperature with associated polynomial coefficients [3]. The gray gases absorption 

coefficients and the weighting factors polynomial coefficients are obtained using curve fitting of the model to total 

emissivity obtained from experimental measurements, spectroscopic databases or narrow and wide band models. 

References [4-6] have already introduced different approaches to generate the WSGG models directly from the line-

by-line spectra of participating gas mixture components. This Spectral Line-Based WSGG model is called SLW. In the 

SLW formulations, the absorption coefficients of gray gases are chosen and the corresponding weighting factors are 

calculated from the detailed spectroscopic data of gas molecules. The applicability of SLW in non-isothermal and non-

homogeneous media is possible using the reference approach [7, 8]. The multiplication approach is used in development of 

the SLW model to allow for mixtures of participating gases [9, 10] and mixtures of gases including soot [11].  

In this study, radiation heat transfer equation is solved in a 3D enclosure containing non-gray gas mixture. It aims to 

analyze the accuracy of SLW model implemented in the finite-volume formulation of discrete ordinate method for the RTE 

solution. The main purpose of the present study is to assess the accuracy of SLW model in 3D non-gray gas radiation 

calculation.  

 

2. SLW Formulation 
The radiative heat transfer equation in a non-scattering medium can be simplified to [13] 
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𝑑𝐼𝜂

𝑑𝑠
= 𝜅𝜂(𝐼𝑏𝜂 − 𝐼𝜂)

 
 (1) 

 

where 𝐼𝜂 is the spectral radiation intensity at the wavenumber η and along the path length s, 𝐼𝑏𝜂 is the Plank blackbody 

intensity and 𝜅𝜂 is the spectral absorption coefficient. It has been shown that the total spectrum can be divided into J gray 

gases and one RTE is solved for each [2] as follows: 

 
𝑑𝐼𝑗

𝑑𝑠
= 𝜅𝑗(𝑎𝑗𝐼𝑏 − 𝐼𝑗  ),   𝑗 = 0,1, … , 𝐽 (2) 

  

where Ij, 𝜅𝑗 and 𝑎𝑗 are respectively the intensity, absorption coefficient and corresponding blackbody weighting factor for 

the j-th gray gas and 𝐼𝑏 is the total intensity of blackbody radiation given by 𝜎𝑇4 𝜋⁄ . The total radiation intensity I is 

obtained by the summation of the solutions of Eq. (2) over all gray gases using 

 

𝐼 = ∑ 𝐼𝑗

𝐽

𝑗=1

 (3) 

 

        The gas absorption cross-section spectrum 𝐶𝜂 obtained from high resolution HITEMP 2010 spectroscopic database 

[14] by Lorentz profile [15]. For calculation of 𝜅𝑗 and 𝑎𝑗 parameters, 𝐶𝜂 is divided into J intervals using the supplemental 

absorption cross-sections 𝐶̃𝑗 given by Eq. (4). The supplemental absorption cross-sections have been equally and 

logarithmically spaced between the minimum 𝐶̃0 = 𝐶𝑚𝑖𝑛 and the maximum 𝐶̃𝐽 = 𝐶𝑚𝑎𝑥 values, which effectively represent 

the entire absorption spectrum 𝐶𝜂. 

 

𝐶̃𝑗 = 𝐶𝑚𝑖𝑛(𝐶𝑚𝑎𝑥 𝐶𝑚𝑖𝑛⁄ )𝑗 𝐽⁄   , 𝑗 = 0, 1, . . , 𝐽 (4) 

 

        The logarithmic mean of the adjacent supplemental absorption cross-sections represents the absorption coefficient of 

gray gas j as follows: 

 

𝜅𝑗 = 𝑁𝑌√𝐶̃𝑗−1𝐶̃𝑗 (5) 

 

where Y is the gas mole fraction in the mixture and N is its molar density defined by 𝑝𝑁𝐴 𝑅𝑢𝑇⁄ , where NA is Avogadro's 

number, Ru is the universal gas constant, p is the gas mixture pressure, and T is its temperature. 

The weighting factors aj are determined as a difference between values of the absorption-line blackbody 

distribution function (ALBDF) 𝐹(𝐶, 𝑇𝑔, 𝑇𝑏 , 𝑌) at the adjacent supplemental absorption cross-sections using  

 

𝑎𝑗 = 𝐹(𝐶̃𝑗, 𝑇𝑔, 𝑇𝑏 , 𝑌) − 𝐹(𝐶̃𝑗−1, 𝑇𝑔, 𝑇𝑏 , 𝑌) (6) 

 

and the ALBDF is defined as: 

 

𝐹(𝐶, 𝑇𝑔, 𝑇𝑏 , 𝑌) =
1

𝐼𝑏(𝑇𝑏)
∫ 𝐼𝑏𝜂(𝑇𝑏 , 𝜂 )𝑑𝜂

{𝜂:𝐶𝜂(𝑇𝑔,𝑌)≤𝐶}

 (7) 
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The multiplication approach [9, 10] can be used to obtain the ALBDF for mixture of participating gases. In this 

approach, the ALBDF for gas mixture (for example the mixture of water vapor H2O and carbon dioxide CO2) is the 

multiplication of ALBDF of the individual gas mixture components, i.e,  

 

𝐹mix(C, 𝑇𝑔, 𝑇𝑏 , 𝒀) = 𝐹𝑤 (
𝐶

𝑌𝑤
) 𝐹𝑐 (

𝐶

𝑌𝑐
) (8) 

 

Here, we used the tabulated data generated by Pearson [16] to calculate the ALBDF of participating gases. For 

radiation calculations in nonisothermal and nonhomogeneous media, we used reference state approach [7, 8]. In this 

approach the reference temperature Tref and the reference mole fraction of participating gases Yref is defined as the volume 

averaged of the corresponding local variables in the whole domain. Then, the local supplemental absorption cross-sections 

𝐶̃𝑗
𝑙𝑜𝑐

 is obtained by implicitly solving of the following equation: 

 

𝐹(𝐶̃𝑗
𝑙𝑜𝑐 , 𝑇𝑔 = 𝑇𝑙𝑜𝑐 , 𝑇𝑏 = 𝑇𝑟𝑒𝑓, 𝒀 = 𝒀𝑙𝑜𝑐) = 𝐹(𝐶̃𝑗

𝑟𝑒𝑓
, 𝑇𝑔 = 𝑇𝑟𝑒𝑓 , 𝑇𝑏 = 𝑇𝑟𝑒𝑓 , 𝒀 = 𝒀𝑟𝑒𝑓) (9) 

 

The local absorption coefficients 𝜅𝑗
𝑙𝑜𝑐 and weights 𝑎𝑗

𝑙𝑜𝑐 are calculated from 

 

𝜅𝑗
𝑙𝑜𝑐 = 𝑁(𝑇𝑙𝑜𝑐)𝑌𝑙𝑜𝑐√𝐶̃𝑗−1

𝑙𝑜𝑐
𝐶̃𝑗

𝑙𝑜𝑐
 (10) 

𝑎𝑗
𝑙𝑜𝑐 = 𝐹 (𝐶̃𝑗

𝑟𝑒𝑓
, 𝑇𝑔 = 𝑇𝑟𝑒𝑓 , 𝑇𝑏 = 𝑇𝑙𝑜𝑐 , 𝒀 = 𝒀𝑟𝑒𝑓) − 𝐹 (𝐶̃𝑗−1

𝑟𝑒𝑓
, 𝑇𝑔 = 𝑇𝑟𝑒𝑓 , 𝑇𝑏 = 𝑇𝑙𝑜𝑐 , 𝒀 = 𝒀𝑟𝑒𝑓)  (11) 

 

In this study, the RTE is solved here using the finite-volume formulation of the discrete ordinate (DO) method [17]. 

     

3. Description of Test Problem 
The test problem is a 2m × 2m × 4m rectangular enclosure in the x, y and z directions, respectively, where the black 

and cold walls are at 300 K. Three cases are considered here. They are described in Table 1. For all the cases, the pressure 

of the gas mixture in the enclosure is 1 atm. Liu [12] calculated narrow-band averaged radiation heat transfer equation in 

this 3D enclosure using ray-tracing method along with SNB model for nongray gas radiation. The reported radiation source 

terms and the wall heat fluxes can be used as a benchmark for less accurate global models. 

 
Table 1: Conditions of three test cases, [12]. 

Case Temperature distribution Gas mixture compositions 

1 isothermal, 1000 K Homogeneous, pure H2O 

2 isothermal, 1000 K Nonhomogeneous, H2O/N2 mixture 

3 Non-isothermal Homogeneous, CO2/H2O/N2 mixture 

 

In test case 2, the mole fraction of H2O varies in z direction with xH2O = 4(z/Lz)(1-z/Lz) relation, where Lz = 4m. In 

the test case 3, the medium is a homogeneous mixture of 0.1CO2 + 0.2H2O + 0.7N2 (mole basis). The gas temperature is 

non-uniform but distributed symmetrically about the centerline of the enclosure, centerline in z direction, with T = (Tc – 

Te)f(r/R) + Te, where Tc is the gas temperature along the enclosure centerline and Te is the exit temperature at z = 4m. 

Inside the circular region of the cross section of the enclosure, the gas temperature variations is defined by f(r/R) = 1 – 

3(r/R)2 + 2(r/R)3, where r is the distance from the centerline and R is the radius of circular region (R = 1m).  The gas 

temperature outside the circular region is uniform at the value of the exit temperature. The centerline temperature increases 

linearly from 400 K at the inlet (z = 0) to 1800 K at z = 0.375, then decreases linearly to 800 K at the exit. 
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4. Results and Discussion 
The numerical results are obtained using 50 × 50 × 50 uniform spatial grids. The RTE is solved by the finite 

volume based discrete ordinate method, DO, with T4 approximation for angular discretization which consists of 128 

directions. The SLW with 20 gray gases are used to solve the RTE in 3D rectangular enclosure. 

Fig. 1 shows the calculated radiative source term along the enclosure centerline, (1m, 1m, z), and the wall heat 

flux along (2m, 1m, z) for the first case. As can be seen, the present SLW results show very good agreement with the 

SNB results of Liu [12] in case of isothermal/homogeneous pure H2O. 

 

  
a) b) 

Fig. 1: Distribution of a) radiation source term along the centerline and b) wall heat flux along (2m, 1m, z) for test case 1. 

 

Fig. 2 shows the calculated radiative source term along the centerline (1m, 1m, z) and wall heat flux along (2m, 

1m, z) for the case 2. In this case, the temperature is uniform but the mole fraction of H2O varies in z direction. 

Reference approach is used here for spatial variation of H2O mole fraction. Along the centerline and at z = 2m, the 

differences between the SNB and the SLW results are maximum and the SLW absolutely overpredicts the radiation 

source term and the wall heat flux about 10% and 8.5%, respectively. The over-prediction of SLW in case 2 is mainly 

caused by the ideal spectrum assumption used in the reference approach. 

 

  
a) b) 

Fig. 2: Distribution of a) radiation source term along the centerline and b) wall heat flux along (2m, 1m, z) for test 2.  
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For the third test case, the calculated radiative source terms along centerline (1m, 1m, z) are shown in Fig. 3. In 

addition to SLW, the results of the radiation heat transfer calculations with WSGG model are shown in this figure. In this 

case, the participating media is homogeneous but nonisothermal. Reference and multiplication approaches are used for 

spatial variation of temperature and multicomponent participating gas mixture, respectively. The SLW results at the 

maximum value (at z = 0.5m) would overpredict the SNB results about 20%. In the reference approach, we used the ideal 

spectrum assumption, where the multiplication approach was based on the assumption that the spectra of different species 

included in the gas mixture are statistically independent. These two approximations increased the errors in the SLW 

predictions. However, in comparison with the WSGG, the SLW predictions are in more agreement with the SNB results, as 

can be concluded from Fig. 3. This is because the model parameters of SLW are calculated directly from the high-

resolution spectroscopic database of the gas molecules. 

 

 
Fig. 3: Distribution of radiation source terms along the centerline for test case 3. 

  

5. Conclusion 
The radiation heat transfer was numerically calculated in a 3-D enclosure containing various 

homogenous/nonhomogeneous and isothermal/nonisothermal participating gas mixtures. The SLW model was employed in 

DO method to solve the RTE in non-gray media. The results of present radiation calculations were compared with the more 

accurate SNB calculations. The calculations showed that the SLW predictions were in very good agreement with those of 

the SNB in case of predicting the isothermal/homogeneous pure gas media. In cases with the spatial variations in 

temperature or mixture composition, the ideal spectrum assumption in the reference approach caused deviations of the 

results. On the other hand, employing the multiplication approach with the assumption of statistically independency of the 

spectra of different species, it increased the errors of SLW results more and more. However, this study indicated that the 

SLW would predict the radiation source terms more accurate than the WSGG model in non-gray media modeling. This is 

because the parameters of SLW model were calculated directly from the high resolution spectroscopic database of gas 

molecules. In addition, this research showed that the SLW model overpredicts the absolute radiation source terms and the 

wall heat fluxes (which must be considered in radiation calculations) in all cases. 
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Nomenclature 
𝑇 = temperature 

𝑌 = species mole fraction 

a  = gray gas weighting factor 

𝐹 = absorption line blackbody distribution function 
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𝐼 = radiation intensity 

𝐽 = total number of gray gases 

𝑁 = molar density (= 𝑝 𝑅𝑢𝑇⁄ ) 

𝑝 = pressure 

𝑅𝑢 = universal gas constant 

𝑠 = distance 

Greek Symbols 
𝜅 = absorption coefficient 

𝜂 = spectral variable in wavenumber space 

Subscripts  
𝑏 = black body  

𝑔 = gas 

𝑗 = index of gray gases 

loc = local 

mix = mixture 

ref = reference state 
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