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Abstract - This paper describes a simplified hybrid model implemented using the finite element method (FEM) that can be used to 

estimate the displacements of strip footing subjected to a high number of load cycles. The simplified model comprises a classical 

constitutive approach, where load cycle is progressively computed using FEM, and an empirical formulation, which analytically 

calculates accumulation of strain for a targeted number of load cycles in one increment of finite element analysis (FEA). The model 

demands less time and computational resources. In addition, the accumulated error by-product of complete analysis is minimal, thanks 

to the empirical formulation. For calibration, the model needs a few static and cyclic triaxial tests. In this study, the model is validated 

using an axially cyclic loaded 3D strip footing on sand. Results suggest improved predictions with higher magnitudes of load cycles. 
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1. Introduction 
In granular materials, repeated cycles bring about strain accumulation with each cycle of loading. This phenomenon 

entails a broad range of issues in structures that interact with granular materials and are subjected to cyclic loading, e.g., 

highway and railway structures, foundations of offshore wind turbines and oil platforms, onshore wind turbines, machine 

foundations, cyclically hydrostatic loaded structures. For instance, differential settlement caused by cyclic loading is an 

infamous failure type in pavements, machine foundations, and buildings [1], [2]. Another example is pavement rutting due 

to the repeated loading of vehicles [3]. 

Nevertheless, the above-mentioned high number of load cycle problems make the experimental testing of strain 

accumulation costly and time-consuming. Thus, the numerical prediction of permanent strain accumulation is crucial for 

design. In addition, internal factors (material related) such as moisture content, relative density, drainage condition, 

permeability, stress history, aggregate shape, strength, and size distribution and external factors such as loading amplitude, 

frequency, and type (one-way or two-way) contribute to the complex behavior of cyclic loaded granular materials [4]–[7]. 

There are three types of strain accumulation estimation approaches in the literature: Mechanical models based on classical 

constitutive models, analytical models that are observation-based approaches, and shakedown theory [8].  

Mechanical models, which could be based on different types of material models, have a stress-strain constitutive relation 

that incrementally calculates the cyclic response of granular materials using the finite element method [9]–[11]. However, 

they require an enormous amount of computational resources and time to analyze a complex 3D geometry with a high number 

of repeated load cycles. Moreover, error accumulates by-products of finite element analysis for each load cycle, and over a 

certain number of cycles, the cumulative error is magnified by the number of load cycles that deviate results [12]. 

Analytical models, based on empirical functions that provide the relation between strain accumulation and the number 

of load cycles, are another approach that utilizes an empirical relation based on the correlation determined from laboratory 

testing. This relation depends on external and internal factors of granular materials. In the 1960s and 1970s, researchers 

offered prediction models built upon cyclic triaxial tests to analytically calculate permanent deformation of unbound granular 

materials in pavement design [13], [14]. Since then, numerous relationships have been presented to estimate strain 
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accumulation empirically [15]–[17]. Lastly, shakedown theory approaches assert whether the stress level in granular 

materials is above or below certain thresholds that allow determining whether permanent deformation of strain 

accumulation will be stable at the end of a specified number of cycles [7], [18]–[20].  

Furthermore, researchers have combined mechanical models with analytical models as hybrid models [21]–[24]. In 

this study, a simplified hybrid model initially proposed for cyclic loaded monopile foundations is implemented using 

FEM to predict the strain accumulation behavior of cyclic loaded granular materials under a strip footing.  

 

2. Material Model 
The implemented model in this study, the "Explicit Cyclic Duncan Chang" model (ECDC), is a simplified hybrid 

model of a classical constitutive model and an analytical model [25], which is developed from preceding studies [21]–

[24]. As a mechanical model, it computes the first cycle; then, it uses an empirical function to calculate strain 

accumulation up to the targeted loading cycle as an analytical approach. In this study, the model is implemented and 

validated using experimental data for granular materials under a cyclic loaded strip footing. The model comprises the 

first cycle, cyclic accumulation, and the last cycle stages, illustrated in Fig. 1. 

 
Fig. 1: Stages of the model. 

  

The strain is decomposed as ε = ε𝑒 + ε𝑝 in three-dimensional space where 휀 is the strain tensor, 휀𝑒 is the elastic 

strain tensor, and 휀𝑝  is the tensor stores strain accumulation. Isotropic strain accumulation assumption is made as other 

studies suggested [21]. Incremental stress form is implemented as 𝑑σ𝑛+1 = 𝐶: (𝑑ε𝑛+1 − 𝑑ε𝑝
𝑛) where 𝑑𝜎𝑛+1, 𝐶, 𝑑휀𝑝

𝑛 

are the stress increment, stiffness tensor, and strain accumulation of the cyclic loading, respectively.   

In the first cycle stage, which consists of monotonic loading and then monotonic unloading, Duncan & Chang model 

(D&C) is utilized as constitutive relation [26]. When monotonic loading and monotonic unloading steps are completed, 

the permanent strain of the first cycle (ε𝑝,𝑁=1) is obtained for the calibration of the mathematical function of strain 

accumulation [24]. Parameters of the D&C are obtained from static triaxial tests.  

The second stage of the model is the cyclic accumulation, in which strain accumulation of the rest of the cycles is 

computed based on the empirical function selected. In this paper, the log-log approach ε𝑝,𝑁 = 𝑎1𝑁𝑎2  where 𝑁 is the 

number of cycles, 𝑎1, 𝑎2 are constants, is employed [4], [6], [27], [28]. 𝑎1 constant is equal to ε𝑝,𝑁=1 which is calculated 

in the first cycle for every element of the domain. Moreover, it also inherently represents the direction of strain [24]. 𝑎2 

constant is moisture-dependent coefficient [28], and it does not change with the applied stress [15]. This coefficient is 

determined from cyclic triaxial tests [4], [28]. 
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The third stage is called the last cycle, in which D&C with reloading modulus is implemented to obtain total strain. 

Employing constitutive relation subsequently to the cyclic accumulation step redistributes stresses in the boundary value 

problem [12].  

             

3. Results 
The model is implemented in an experimental study [11] in which a 3D strip footing on granular materials is subjected 

subjected to cyclic loading. A 0.2 m wide and 1 m long rigid strip footing rests on granular materials in a 2 m x 1 m x 1 m 

m rectangular box. A cross-section is shown in Fig. 2, and a 3D view is given in Fig. 3 [11]. 

 

 
Fig. 2: Cross-section view of strip footing on the granular materials. 

 

 
Fig. 3: 3D view of strip footing on the granular materials. 

 

Stress-controlled cyclic loading is applied to the strip footing in the z-direction. Vertical and horizontal displacements 

are measured on the strip footing. There is a slope of granular materials with 2H:1V, 0.2 m away from the footing, as shown 
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in Fig. 2. In addition, a constant 8 kPa surface pressure is applied on the other side of the footing. The strip footing is 

loaded with three different cyclic loading combinations, 18-30 kN, 27-45 kN, 36-60 kN, as trough and crest amplitude 

of the cycles, respectively. It is loaded for 1000 cycles in the z-direction for each load combination. 

Granular materials under the strip footing are compacted at maximum dry density with optimum water content, 

kg/m3, and 4.75 %, respectively. The tested granular material parameters, which is well-graded sand, are given in Table 

[11]. 

 
Table 1: D&C parameters of the granular material [11] 

Compaction level Φ Rf K Kur n nur c (kPa) 

Maximum dry density 44 0.88 2000 2910 0.62 0.4 8.2 

 

The same granular materials with the same parameters are used for monotonic and cyclic triaxial tests and the 

rectangular box test [11]. The coefficient 𝑎1 can be determined after the the first cycle, as mentioned previously. Since 

it is equal to the permanent strain after the first cycle, this parameter does not require an additional test. It is calculated 

during the analysis. On the other hand, To determine the coefficient 𝑎2, several cyclic triaxial tests are required. The 

cumulative permanent strain to the number of load cycles plot is acquired from the tests. The least-squares fitting of the 

obtained data to the function ε𝑝,𝑁 = 𝑎1𝑁𝑎2 provides 𝑎2.  

Since Alam et al. [11] named the first cycle N = 0, and in our model the first cycle is called N = 1, calculation of 

the coefficient 𝑎2 for each provided cyclic triaxial test is processed accordingly. To be able to compare vertical 

settlement accurately, the least-square regression of 𝑎2 is done by removing N = 0 cycle. From the cyclic triaxial tests 

𝑎2 is obtained as 0.063, and it is utilized for the strip footing analysis. 

 
3.1. Settlement of the Strip Footing 

The granular material in the box shown in Fig. 3 meshed with 10-node tetrahedral elements, and the material model 

is assigned to these elements. The tetrahedral element is preferred over the hexahedral element due to the presence of a 

slope in the geometry. The 0.2 m wide steel strip footing is meshed with the same element type by assigning a linear 

elastic model. Granular materials at the side of the box are fixed horizontally, whereas materials at the bottom of the 

box are vertically constrained. For the model, a constant 8 kPa surface pressure is placed at the exact location as in the 

experimental test. The rigid strip footing is supported horizontally, and it is vertically cyclic loaded with three different 

load patterns, 18-30 kN, 27-45 kN, 36-60 kN. 

In the initial step, gravitational acceleration is applied to take into account the weight of granular materials. Then, 

the load is incrementally applied to the strip footing up to the maximum value (30, 45, or 60 kN). Subsequently, the strip 

footing is unloaded to zero. In the following stage, the strain accumulation step is initialized with the same boundary 

conditions as in the previous step. Finally, to determine total strain, the strip footing is reloaded up to the minimum 

loading value (18, 27, or 36 kN). 

The vertical settlement of the strip footing in the experimental test is compared with the settlement predicted by the 

model. The vertical settlement, which is the permanent displacement of granular materials in the z-direction, is 

normalized by dividing the width of the strip footing to obtain δv/B in which δv  is the vertical settlement, B is the width 

of the footing. The three loading combinations are provided in Fig. 4, where the experimental test results are labeled 

"Experiment-X-Y," and the analysis results are tagged "ECDC-X-Y." X represents the minimum load and, Y represents 

the maximum load. 
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Fig. 4: The model prediction vs. experimental results 

 

It is observed that 𝛿𝑣/𝐵 is substantially dependent on the applied load, and it increases with the magnitude of the applied 

load. Moreover, the shapes of the model predicted curves match the experimental ones. As the empirical log-log approach 

predicts that acceleration of the increase in 𝛿𝑣/𝐵 exponentially decreases with the increasing number of cycles. Furthermore, 

the model's prediction improves as the number of cycles increases for all three cases. For instance, at N = 500, ECDC-18-30 

is 74 % above the experiment result, whereas it predicts 68 % above the experiment at N = 1000. At N = 500, ECDC-27-45 

is 15 % above the experiment whereas it forecasts 11 % above the experiment at N = 1000 and finally, at N = 500, ECDC-

36-60 is 8 % above the experiment while it is 3 % above the experiment at N = 1000. In addition, the model prediction is 

better at higher magnitudes of cyclic load. 

 

4. Conclusion 
A finite element implementation of a simplified hybrid model describing the strain response of granular materials under 

cyclic loaded strip footing is presented. The model takes advantage of both classical constitutive relations and empirical 

models. It requires less computational resources and takes less time since it calculates most of the cycles analytically. 

Moreover, the accumulated error by-product of complete analysis is minimal, thanks to the cyclic accumulation stage. In 

addition, it requires a few static and cyclic triaxial tests for calibration. The predictions of the model match well with the 

shape of the results of cyclic loaded 3D strip footing. Although the model can solve boundary value problems with a higher 

number of load cycles, it is tested with 1000 cycles in the strip footing example. In future studies, the simplified approach 

can be generalized, and it can be extended to include pore pressure accumulation during the cyclic loading.  
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