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Abstract - Spectral element method, which works in the frequency domain, is usually used for modelling structures. It is a wave-based
numerical approach. The advantage of using this method is that it reduces the number of degrees-of-freedom by representing the whole
structure using a single element. The present study deals with finding damage in non-uniform structures using the spectral element
method. Since the uncertainty is part and parcel of every real structure, it needs to be introduced into every methodology meant for
damage detection. Therefore, this method is also used here for the stochastic system to introduce uncertainty in the model. Damage at
any location is introduced as a single edge notch crack. The crack introduced is a non-propagating crack. The damage quantity introduced
is expressed in terms of crack flexibility-based on the concept of fracture mechanics. At the damage location, the compatibility conditions
are to be satisfied. With the help of the boundary as well as compatibility conditions being satisfied, the displacement equation for
damaged case in the frequency domain is developed. In order to introduce parametric uncertainty, expressions of spectral stiffness and
mass matrices are established using Karhunen-Loéve expansion. The mass and stiffness matrices for the stochastic case are expressed as
random field and are discretized in terms of the random variables. Eigenvalue analysis is performed to obtain mode shapes for both
damaged and undamaged cases. Difference between the mode shapes is considered to obtain the damage location. The methodology is
found to be effective in localizing damage in non-uniform structures in the presence of parametric uncertainty.

Keywords: Spectral element method, Karhunen-Loéve (KL) expansion, Damage localization, © Non-uniform structure,
Parametric uncertainty, Random field

1. Introduction

SHM is a process of observing a structure over the course of time. These studies are used to determine the present state
of the structure. In the case of damage, the modal properties (i.e. frequencies and mode shapes) change and these are
compared with that of its undamaged state values to localize and quantify the damage. In the process of inverse optimization,
the inverse algorithm is used to obtain the model parameters like stiffness. The measurements taken from the actual structures
are the displacement or the acceleration responses, which are used to extract the mode shapes and the frequencies through
fast Fourier transformation (FFT) or frequency domain decomposition (FDD). These are then used to obtain the stiffness or
other model properties. There are lots of work done in this field using various techniques, and different level of success has
been achieved in these fields [1]. The spectral element method (SEM) has added advantages over these techniques. The
concept of SEM was given by Beskos [2] in 1978, which includes the key benefits of the Finite element method (FEM),
Dynamic stiffness method (DSM) and Spectral analysis method (SAM). In the SEM, [3] the stiffness matrix is established
in the frequency domain. The whole structural model is developed as a single element in the frequency domain, thus reducing
the degrees of freedom. Eigenvalues and eigenvectors are the exact solutions. Also, SEM lowers the computational time and
cost as it requires fewer degrees of freedom. SEM [3] is based on the analytical solution of the displacement wave equation
in the frequency domain. In this method, the interpolation function is the exact solution of the wave equation. There are,
however, some of the drawbacks associated with this method. Complex geometries cannot be modelled using this method as
wave Eqgs. are not available for the complex geometries. This method again cannot be used for the nonlinear system because
the superposition principle is not applicable to the nonlinear systems. In any of the damage identification procedures,
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uncertainties are inherently involved in the parameters, modelling, and measurements. All these kind of uncertainty limits
the use of deterministic damage detection techniques. If the level of uncertainty is high, then the actual information regarding
the damage condition may get concealed, and the damage may not be identified. In other words, this may lead to negative
falsity, where actual damage is not detected, or positive falsity, where false damage is detected, in the intact structural
element. When uncertainty is considered as the random variable, then Monte Carlo simulation [4] is used. While if it is used
as the random process, then Karhunen- Loéve (KL) expansion decomposition needs to be applied. Monte Carlo simulation
is a sampling method which generates the independent random variables based on their distribution. For each of these values,
the deterministic problem is solved to obtain the solution. Considering random field, Karhunen Loéve (KL) expansion is
used to discretize the random field by representing it using the random variables and continuous deterministic functions. In
work by Machado et al. [5], they developed the spectral element method for the rod element free at both the ends. They also
studied the damage detection capability of SEM under the stochastic condition. They used KL expansion to introduce
uncertainty into the system. In work by Adhikari and Friswell [6], KL expansion was used for distributed parameter model
updating. In this work, the parameters to be updated were expressed as the spatially correlated random fields. Ostachowicz
[7] presented the overall process of equation generation, damage modelling and elastic wave propagation using SEM in a
review form. In the present study, the spectral element method is used to derive the governing frequencies, and mode shapes
Egs. in the frequency domain for a non-uniform structure. This is used for damage detection in stochastic cases. In the present
study, uncertainty has been introduced into the structural parameters by expressing them as spatially uncorrelated random
variables. The random fields corresponding to mass and stiffness matrices have been expanded using KL expansion. In this
paper, first of all, the spectral element method has been used to develop the modal Egs. in the frequency domain for a non-
uniform section. After this, a study on stochastic spectral analysis of damaged tapered rectangular cross-section rod is
presented. At the end of this paper, damage detection capability of the SEM under stochastic situation have been explored.

2. Spectral Element Method for Non-Uniform Section

Let there be both ends free tapered rectangular cross-section rod of length L and width b. Let the cross-sectional areas
be A, and A, at node 1 and node 2, respectively, as shown in Fig. (1). Axial force F; and F, are acting in axial direction at
node 1 and node 2 respectively. Again, u; and u are the displacements at node 1 and node 2.
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Fig.1: Tapered rectangular cross-section rod with both ends free.

Now, taking an elementary strip of length dx at a distance x from node 1, the area of this elementary strip is given by
the following equation.
A, —Ax 1
A, = A, + (A2 — A1) (1)
L
2.1. Spectral Analysis of Undamaged Vibrating Rod
The undamped equilibrium equation in the frequency domain is given by:
d?u(x)

EAW + w?pAu(x) = q(x)

)

where, A = cross-section area, p = density, E = modulus of elasticity, u = longitudinal displacement, q = distributed load and
w = circular frequency.
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Now, the solution as per Machado et al. [5] of equation (2) is given by,

u(x) = e ** + a,e 1N = 5(x, w)a (3)

o a , -
where, s(x, ®)= {e™* e*t0} a={ a; }, a; and a, are constants, k = @w/c = wavenumber corresponding to the longitudinal

wave propagation, and ¢ =/E/p = phase speed. Now, the spectral nodal displacements of the rod are given by:

Cuay (w0 _[s(0,0)] 4)
d={ad=tuw) = [ o) @ = 6tera
Here,
1 —tkL 5
6@ = L < )
Substituting equation (4) into Equation (3) the deformation at any point in the rod is obtained as follows:
u(x, @)= s(x, o) G H(w)d={ g1 g2} d (6)

Consider an undamaged tapered rectangular cross-section rod with one end fixed and another end free, as shown in Fig.
(2). Rod with one end free and other end fixed will have u, equal to zero while u, will have nonzero value and hence the
corresponding reduced dimension of G~1(w) will be obtained by eliminating its first column, i.e. G™*(w) will have a
dimension of 2 x 1 and it is denoted by G, ().

u; =0 ‘ )
DN

—

— jAZ F,

Node 2

(i) (i)
Fig. 2: (i) Undamaged tapered rectangular cross-section rod with one end fixed and another end free, (ii) Damaged tapered rectangular
cross-section rod with one end fixed and another end free

sin(kx)
sin(kL)

The displacement in generalized form is given by u(x) = g,(x)u, =
are given by following Eqgs.

u,. The stiffness matrix and mass matrix

L
Kyy(w) = EFnT(w) [f AxS’T(x' w)sl(x’ w)dx] I (w) @)
0

= KNull

L
Myy (@) = ph," (@) U AxST(X:w)S(x,w)dx]Fn(w) ©
0

= MNu11

Where, (+)' represents the first derivative w.r.t x, I, (w) = G, *(w) , s(x, w) is similar to one given earlier, while Ky, and
My, can be referred to Machado et al.[4].

2.2. Spectral Analysis of Damaged Tapered Rod

Consider a damaged tapered rectangular cross-section rod with one end fixed and another end free, as shown in Fig. (2).
Also, assume that there is a single edge notch crack of depth a at length L, from node 1, as shown in Fig. (2). The damaged
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rod is formulated as a function of crack flexibility () by using Castigliano’s theorem and the laws of fracture mechanics.
Now, for damaged rod, the solution of equation (2) is given in two parts. One part is, for the length between fixed end to
crack position, i.e. left part of the crack and another part is between a crack position to free end.

The solution by Machado et al. [5], is given by following Egs.

u,(x) = ae ** + g e k1% 0<x<Ly (9a)
= s,(x, w)ay
where,
oo a
sy (x’ w): [e—IkX e—lk(Ll—x)] , and a= {a;} (gb)
(9c)
ugp(x) = aze** 4+ qe kU= (L <x <L)
= sp(x, w)ag

where sg (x, w)=[e™ e X1 and ar= {Zi }. Now, the Egs. (9a-9¢) in the combined form are given by the following

equation.
u, (X)) _ [su(x ) 0 a,y _ (10)
{uR(x)} - [ 0 sg(x, a))] {aR} = sa(x, w)aq

Here, a is calculated by using the following boundary and compatibility conditions [5]:
— duy(Ly),
8w (0) = wy; b) up(Ly) — uy (Ly) = 6 2L,

o) Zuelly) _ Our(ly). d) up(L) = u,.

ax  ox

Now, from Egs. (9a-9c) and boundary conditions the following Egs. can be obtained.

1 ekl 0 0 a Uy (11
(k@ — e k1 —(1k@ +1) e 1 e~t(L=L1) a(_J0
_Lke—LkLl k lke_LkLl —Lke_Lk(L_Ll) as )0
0 0 e—LkL 1 Ay Uy

= Gdad =Ug = Ag = Gd_lud (12)

Rod with both ends free condition will have nonzero u, and u, and hence the corresponding reduced dimension of G, *
will be obtained by eliminating its second and third column, i.e. G;~* will have a dimension of 4 x 2 and it is denoted by
G4, . By substituting Equation (12) into equation (10),

{uL (x)} _ [SL (x, w)

o= J11 912]{32} (13)

0 o
0 sR(x,a))] Gar"ua = [921 922

where, g11, 912, 921 and g, are given by following Egs.

cos(kL1) + isin(k L1))(—icos(kL - k L1)+ ©kcos(kKL - k L1) + (14)
_sin(kL - k L1)(cos(kx) + cos(k L1 - kx) - isin(kx) - isin(k L1 - kx)
Okcos(kL) + @kCos(kL - 2kL1) + 2sin(kL)

11

B 2sin(kx) (15)
~ Okcos(kL) + Okcos(kL — 2kL,) + 2sin(kL)

912
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cos(k L1) + isin(kL1))(—icos(kL — kL1) + @kcos(kL — kL1) + (16)
__sin(kL — kL1)(cos(kx) + cos(kL1 — kx) — isin(kx) — isin(kL — kx)
21 okcos(kL) + @kCos(kL — 2kL1) + 2sin(kL)

_ Okcos(kx) + Okcos(2kLy — kx) + 2sin(kx) @an
922 = Gkcos(kL) + Okcos(kL — 2kLy) + 2sin(kL)

For a rod with one end fixed and another end free u, is equal to zero, while u, will have nonzero value and hence the
corresponding reduced dimension of G, ~* (w) will be obtained by eliminating its first, second and third column, i.e. G4~ (w)
will have a dimension of 4 x 1 and it is denoted by G4, ™" ().

The stiffness matrix and mass matrix are given by following Egs.

Ly
I[f A s'T(x, w)s', (x, w)dx 0 ]| (18)
Kya(@) = EI] (@)|™ L | Ia()
ll 0 fLAxs’g(x,w)s’R(x,w)del
= [KNdll]
Ly
I[f AysT(x, w)sy,(x, w)dx 0 ]I (19)
Mya(@) = pIf (@] L |l (@)
ll 0 fLAxsg(x,w)sR(x,w)del

1

= [MNdll]

where I;(w) = G4, *, and Kya,, and Myg,, can be referred from Machado et al. [5].

3. Stochastic Spectral Element Approach for Non-Uniform Section
3.1. Stochastic Spectral Element Analysis of Undamaged Tapered Rod with One End Fixed and another End

Free.
To obtain the stiffness and mass matrices associated with the random components, for each j (i.e. uncorrelated random

variable), matrices are obtained as follows [8].

K(w, 0) = Knu(w) + AK (0, 0); M(o, 0) = My, (0) + AM(®, 0) (20)

where Ky, (w) and My, (w) are the deterministic part. Also, 4K (w, 8) and AM (w, ) are the random part of the stiffness
and mass matrices respectively which is given by using KL expansion and are expressed as,

N (21)
AK(@,0) = € ) &; (0) [AijK;(@)
j=1

N (22)
AM(w,0) = 62251\41' 0) [AmjM;(w)
=1
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where N is the number of terms kept after truncation of the infinite series in the KL expansion, while &k ;(8) and &,,;(6) are
uncorrelated Gaussian random variables with zero mean and unit standard deviation.
The matrices K;(w) and M;(w) are written as

L
Kj(@) = ET'" (@) [ fo fiy (AT (x, )5, w)dx] rw) @

(@) = pI" () [ | iy (AT (1, )5, w)dx] rw) 9
0

where, s(x, w) is similar to the deterministic part. The random element of the stiffness and mass matrices are obtained by
substituting the following values

' _ {cos({wi}j x)} _
Ui} [ +{sm(z{wk}ja)}} J =135 (25)
T lolow;)

and

_  {sin({wgdj x)} .
{f;}(0 [ o) j=246,... (26)
T el }
in Egs. (23) and (24).
The stiffness and mass matrices for odd j are given by

L
Kjodd(w) — E '™ (w) [f A, cos(wij)S'T(X,w)S'(X,w)dx I (w) (27)
\/ N sin(Zwkja) 0
a+— "

20y, .
kj

E
= [K011]
sin(a)kja)
a+ —zwkj

L
Mjpdd(w) - '’ (w) U Ay cos(a)ij)sT(x,w)s(x, w)dx|T'(w) (28)
sm(Zwk ) 0

T 2wy,
kj

sm(Zwk )
Zwk]

\/ [M011]

The stiffness and mass matrlces for even j are given by
(29)

L
K" (w) = '’ (w) U sin(wij)Axs'T(x,w)s'(x,w)dx I'(w)
0

sm(Zwk a)
Z(I.)k]
J [K

311]

sm(Zwk a)
Zwk]
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L
MM (w) = P r'’(w) U sin(wij)AxsT(x,w)s(x, w)dx|T'(w)
0

sin(2wy ;a)
Q-7

20y, .
k j

(30)

_ P
sin(2wy ;a)
Q-7

20y, .
k j

[Me11]

where, I'(w) is given in section 2.1. The expression of the elements, K, , , M, , , K., and M, used in the above four Egs.

(27) to (30) can be referred to Machado et al.[5]. The stochastic spectral undamaged stiffness and mass matrices, K (w, 6)
and M (w, 0), are obtained by substituting Egs. (27) to (30) into the Egs. (21) and (22) and then in the Egs. (20).

3.2 Stochastic Spectral Element Analysis Of Damaged Tapered Rod
The stiffness and mass matrices for a non-uniform damaged rod with one end fix and another end free corresponding to
the two eigenfunctions defined in Egs. (25) and (26), are given by the following equations [8]

Ka (w, 8) = Kva(w) + AKa (w, 8); Ma (w, 8) = Mna (w) + AMa (w, 6) (31)

where Ky4(w) and My, (w) are similar to the deterministic part, given in Egs. (18) and (19) respectively while 4K, (w, 8)
and AM,;(w, 6) are the random part of the stiffness and mass matrices which is given by using Karhunen Loéve expansion
and is expressed as

N
AKy(@,0) = & ) &k, (0) [Ax;Kyd(@) (32)
j=1
N
AMg(@,0) = € ) &u; (6) [AaujMyd (@) (33)
j=1

where N is the number of terms kept after truncation of the infinite series in the Karhunen Loéve expansion while &k ;(6)
and &y;(6) are uncorrelated Gaussian random variables with zero mean and unit standard deviation. The equation of

deformation for left and right parts of the damaged rod is different, and hence the different limits of integration need to be
considered for both sides.

The matrices Kjd(w) and de(a)) are given by

K@) = EL @0 g | ra@) (34
My @ =l @[50 o | (35)

where, I'; (w) is given in section 2.2 and the matrices Sk; , Skr , Sm; and Smy are given by following equation.

b 1 T 1 (36)
Sk, = frj ()Axs', (x, w)s',(x, w)dx
0

L (37)
1 T I
Skr = | fkj (0)Axs'r (X, w)s'gr(x, w)dx
Ly
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L (38)
Smy= | fuy @ Ags,T (05, (x 0)dx
0

L T (39)
Smp = | fuj (X)Axs'r" (x,w)s"g(x, w)dx
Ly
where, s, (x, w) and sg(x, w) are similar to the deterministic part which are given in Egs. (9a) and (9c), respectively.
The matrices Sk;, , Skg , Sm; and Smy for odd and even j are obtained by substituting Egs. (25) and (26) in Egs. (36) to

(39).

For odd j
Sk, (@) = [SkLon SkL01z] (40)
sm(Zwk Q) Skioy, ki,
Za)k]
044 [SkROM SkR012] (41)
sm(Zwk a) Skroyy  Skroy,
Za)k]
Odd(w) _ [SmLoll SmLolz] (42)
sm(Zwk a) [°ozq SMLoss
Z(L)k]
Odd(w) [SmRoll SmRolz] (43)
sm(Zwk a) [P Royy SR,
Zwk]
For even j
even SkLell SkLelz (44)
Ski Sk Sk
sm(Zwk a) " "lez Lezz
Za)k]
even SkRell SkRelz (45)
Ske ™" (@) = Ske,.. Sk
sm(Za)k a) " "Rezy Rezz
Zwk]
even(w) _ [SmLen SmLelz] (46)
sm(Zwk ) [PMesq SMiey,
Z(Ukj
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SmReven(w) —

p [SmRe11 SmRelz] (47)

) Sm Sm
J sin(2wy ;a) Reqz Rez
a — ————

20y, .
kj

Where, SkLol]’ SmLOU’ SkROl]

from Machado et al.[5].
Now, the matrices Kjd(w) and de(a)) for odd and even j are obtained by substituting Egs. (40) to (47) in Egs. (34) and

(35). The random part of the stiffness and mass matrices for different j are obtained by substituting Egs. (34) and (35) in
Egs. (32) and (33).

: SmROij, SkLEij, SmLel,j, SkREij and SmReij of these eight matrices can be referred

4. Stochastic Crack Localization

Material and geometrical properties used for calculation purpose are: E = 200 GPa, p = 7850 kg/m3, L =1m, b =
0.01 m, A; = 0.0005 m? and A, = 0.0003 m?. For the stochastic case, the properties used are: €; = €, = 0.01, a = 2m
and N = 50. Also $K and $mj has taken as a set of 50 random variables with zero mean and unit standard deviation.

Undamaged mode shape for the first three modes is shown in Fig. (3).
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Fig. 3: (i) Undamaged mode shape for the stochastic case, (ii) Damaged mode shape for stochastic
the case for crack flexibility using stiffness degradation

Let us consider a damage at 0.7m from fixed end with a stiffness degradation of 20%. Corresponding to this condition,
the damaged mode shape is shown in Fig. (3).
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Fig. 4: Difference between first mode shape of damaged and undamaged state for 20% stiffness degradation
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Fig. 4 shows the difference between first mode shape of the damaged and undamaged state, [9] in which it can be seen
clearly that it is abruptly changing at the assumed crack position, i.e. there is damage at 0.7m from fixed end.

5. Conclusion

Spectral element method has been briefly explored in this paper for the non-uniform section. Stiffness and mass matrices
for both damaged and undamaged case for the non-uniform section have been derived. The mass and the stiffness matrix
have been expanded for the stochastic case using KL expansion decomposition. Eigenvalue analysis has been performed,
and mode shapes for the damaged and undamaged stochastic case have been presented. Operating in the frequency domain
the eigenvalues obtained are the exact solutions. Damaged localization has done after taking the difference between damaged
and undamaged mode shape corresponding to the first mode. The first mode shape corresponding to the stochastic case have
been plotted by taking an average of various uncertain mode shapes. The result shows that the method is successfully
localizing the damage for the stochastic case. SEM helps to represent the whole structure as a single element. Further study
is required to check its applicability in beams and frames.
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