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Abstract - This paper presents a full wave analysis of a rectangular wave guide loaded with a double-layered 

graphene sheet mounted on a finite-thickness dielectric slab. The chemical potential of the graphene sheet is 

controlled by the applied electrical potential between the two layers of the graphene sheet which subsequently 

controls the surface conductivity of the graphene sheet. This property is found to have a significant effect at 

frequencies above 50 GHz. By controlling the conductivity of the graphene sheet it would be possible to control the 

amplitude and phase of the transmission and refraction coefficients along the waveguide section. This feature can be 

used in different applications in mm-wave range like switches, attenuators, filters, resonators and modulators.  
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1. Introduction 
 Graphene is a one-layer of carbon atoms arranged in a hexagonal 2D lattice. Early theoretical study 

of this configuration shows that this structure has unique physical properties including quite high electron 

mobility (Wallace, 1947). However, the main interest in graphene has been mainly increased in last two 

decades after discovering experimentally related nano structures like carbon nanotubes and quantum dots. 

However, the graphene sheet itself could be extracted for first time by Novoselov et al. (2004). More 

recently Li et al. (2009) introduced an efficient technique for synthesizing  large-area graphene sheets of 

the order of centimeters on copper substrates. This discovery was the introduction for a huge research in 

different areas related to the possibility of using this one-layer carbon atoms in different applications. 

 One of the main properties of graphene sheet is that its surface conductivity can be tuned by 

applying normal electric and/or magnetic fields (Gusynin et al. 2007) (Hanson 2008a,2008b). This 

property makes graphene sheets are good candidate for tunable devices in mm-waves, THz and infrared 

frequency ranges.  
In this paper we present an analytical solution for the problem of a rectangular waveguide loaded 

with a double-layered graphene diaphragm as shown in Fig. 1. The graphene diaphragm has a width 

       and is mounted on a dielectric slab of thickness d. This graphene diaphragm is composed of 

two graphene sheets separated by a thin layer Aluminum oxide of thickness t which is much smaller than 

the thickness of the supporting dielectric slab such that the double-layered graphene sheet is assumed to 

be of zero thickness in calculations. The thickness t is conventionally about 5-20 nm (Jablan et al. 2013, 

Svintsov et. al. 2013, Tamagnone et al. 2012, Filter et. al 2013, Gómez-Díaz et al. 2013, Liu  et al. 

2012). The conductivity of this double layered graphene sheet is approximated as twice the conductivity 

of a single graphene sheet (Tamagnone et al. 2012). The advantage of this double-layered configuration 

is that by applying a potential difference between the two layers of the graphene sheets, a normal electric 

field is introduced between them. Thus, by controlling the applied voltage between the two graphene 

sheets, it would be possible to tune the conductivity of the diaphragm which would enable controlling the 

scattering parameters of the waveguide section. In Sec. II, we present the basic theory of the problem. 

Section III shows results and discussions and finally Sec. IV presents the conclusion. 
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Fig. 1. Geometry of the problem. 

2. Theory and Analysis 
2. 1. Electrodynamic Conductivity of Graphene 
 

The surface conductivity of a graphene sheet in the absence of a biasing magnetosatic field is given 

by (Hanson 2008b): 
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where   is the electron charge,   is the operating angular frequency,        is the electron 

scattering rate,   is the electron scattering time which is nearly 3ps in graphene sheet (Hanson, 2008b),    
is the chemical potential,    is the applied biasing electrostatic field normal to the plane of the graphene 

sheet and    is the Fermi-Dirac distribution function given by: 
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where    is Boltzmann's constant and   is the absolute temperature which equals 300 K at room 

temperature.  

The chemical potential and subsequently the surface conductivity of the graphene sheet depend on 

the doping and the applied normal electric field. The relation between the chemical potential and the 

normal electric field is given by (Hanson 2008b): 

 

   
 

          
   
 ∫  (  ( )    (     ))  

 

 
         (3) 

 

where   is the reduced Planck's constant,      
     is the electron’s energy-independent velocity 

and        (    )   is the effective relative permittivity around the graphene sheets. 

The dependence on the electric field introduces the possibility of using graphene sheets as tunable 

component by varying its surface conductivity. However, the required applied electric field to introduce a 

significant change in the surface conductivity is of order volts per nanometer (Hanson 2008a,2008b) 

which requires either high electric field or quite small distance between the corresponding plates which 

introduce this tuning electric field. For practical applications, two graphene sheets separated by a thin 

layer of Aluminum oxide of order 5-20 nm are used (Tamagnone et al. 2012). For this configuration the 

equivalent conductivity of the two-layer graphene sheet can be controlled by applying a voltage of 

amplitude less than 20 volts.  This configuration is used as an optical modulator (Liu et al. 2012) and THz 

plasmonic antenna. In this case the equivalent conductivity of the double-layered graphene sheet is 

(Tamagnone et al. 2012): 
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2. 2. Analysis of a Rectangular Waveguide with a Diaphragm of Finite Conductivity 
 

In this section we present modal solution of a rectangular waveguide with a diaphragm of finite 

conductivity mounted on a dielectric slab as shown in Fig. 1. Assuming that the incident field is the 

dominant TE10 mode and the fields due to the discontinuity are presented in terms of higher TE modes 

only, one can represent the transverse electric fields in all regions as follows (Collin, 1960), 

(Lioubtchenko et al. 2003):  
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 ⁄ ,    √    ,    is the relative dielectric constant of the 

supporting dielectric layer. In this case    represents     and    represents    . The transverse magnetic 

fields can be obtained in terms of the transverse electric fields as    (    )      . For 

computational purpose, the above infinite summations in (5)-(7) is truncated at N. The boundary 

conditions of the problem are 
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where  ( )     (   ), and    is given by (4) where  ( ) is unit step function. By using the 

orthogonality of the modes and applying the boundary conditions in (8-11), one can formulate the 

problem as a set of linear equations as follows: 
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where m = 1,2,3, ... N.   and   are unity and zero matrices respectively of order N.   is as square matrix 

of order N of elements     
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 where m,n = 1,2,3,..., N.   is a vector of N elements  

where       (   ), and   is a vector of N elements  where      
  (   )          . 

Finally,   is a vector of N zero elements. By solving (12) one can obtain the amplitudes of the field 

components in all regions inside the waveguide section and the corresponding S parameters. 

              

3. Results and Discussions  
At the beginning we studied the relation between the chemical potential    and the applied normal 

electric field    by using (3). By applying the linear relation between the applied electric field and the 

corresponding applied voltage, it would be possible to obtain direct relation between the applied voltage 

and the chemical potential. Figure (2) shows the relation between the applied voltage and the chemical 



 

192-4 

potential for the separation layer of thickness 5 nm between the two graphene sheets. It can be noted that 

by increasing the applied voltage the chemical potential is increased. This increase has a higher rate and 

higher non-linearity for chemical potential below 0.4 eV. For higher chemical potential, the rate of change 

with applied voltage becomes more linear. 

 

 
Fig. 2. Chemical potential of a graphene sheet as function of applied voltage where the applied voltage introduces 

normal electric field       . The thickness t is 5 nm. 

 

Figure 3 shows the conductivity of the double-layered graphene layer as function of the frequency. The 

chemical potential is controlled by applying a normal electric field as discussed in Fig. 2. The present 

results are shown as functions of the applied electric voltage for the proposed separation distance (  5 

nm) between the two graphene sheets. It can be noted that conductivity is increased non-linearly by 

increasing the applied. It can also be noted that the magnitude of the imaginary part of the surface 

conductivity becomes greater than the real part above nearly 50 GHz.  

   

 
 

(a) (b) 
Fig. 3. (a) Real and (b) Imaginary parts of the conductivity of a double-layered graphene sheet as functions of the 

operating frequency and the applied normal electric field       .  
The thickness t is 5 nm. 

 

 This double-layered graphene sheet is inserted as a diaphragm inside a rectangular waveguide as 

shown in Fig. 1. For the present case the waveguide is assumed to be WR-12 with inner dimensions 

            and            . The conventional operating frequency of this waveguide in 

unloaded cased with its dominant TE10 mode is from 60 to 90 GHz. The supporting dielectric slab is 

Teflon with        and           . The width of the double-layered graphene sheet is 1mm. Thus w 

in Fig. 1. is 2.0988 mm. Figure 4 shows the transmission and reflection coefficients for two values of 

chemical potentials 0.05 eV and 0.5 eV which correspond to applied DC voltages between the two layers 

of the graphene sheet 0.5V and 12 V respectively. The thickness of the dielectric substrate is   1 mm in 

Fig. 4-a   and   1.5 mm in Fig. 4-b. It can be noted that the presence of the graphene sheet introduce 
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resonance effect in the S parameters. The chemical potential of the graphene sheet has effects on both  

amplitude and  resonance frequency as shown in Fig. 4. It can also be noted that the resonance frequency 

is decreased by increasing the thickness of the dielectric slab. The slight change of the resonant frequency 

as a function of changing the chemical potential of the graphene sheet can introduce a significant 

difference in the transmission coefficient. For example, in Fig. 4-a, the transmission coefficient at applied 

DC voltage 0.5 V at 88.15 GHz is nearly -5dB, while at applied DC voltage 12 V at the same frequency is 

about -20.5dB. This means that this configuration can be used as a switch at this frequency with an 

On/Off ratio about 15dB. Similar property can also be noted in Fig. 4-b at 80.65 GHz. This property can 

also be useful in amplitude shift keying modulation. It can also be noted that, slightly near the resonance 

frequency, the amplitude of the transmission coefficient changes as a function of the chemical potential of 

the graphene sheet. This property can be useful to introduce variable attenuator or amplitude modulation.   

 

 
 

(a)        (b)           
Fig. 4. Amplitudes of reflection and transmission coeffecients for different values of applied voltage between the 

two graphene sheets. 

 

Finally, Fig. 5 shows the phase of the transmission coefficients for the problem of Fig. 4-b. It can be 

noted that away of the resonance frequency in the range from 85 to 90 GHz, the amplitude of the 

transmission coefficient is nearly independent on the chemical potential of the graphene sheet as shown in 

Fig. 4-b. However, for the same frequency range, the change of the chemical potential of the graphene 

sheet has an effect on the phase of the transmission coefficient as shown in Fig. 5. This property can be 

useful to introduce phase shifter or phase modulator.  

      

 
Fig. 5. Amplitudes of reflection and transmission coeffecients for different values of applied voltage between the 

two graphene sheets.           

 

4. Conclusion 
In this paper we present full wave analysis of a rectangular waveguide loaded with a double-layered 
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graphene diaphragm mounted on a dielectric slab. The graphene sheet is modeled as a finite conducting. 

The conductivity of the graphene sheet depends on its chemical potential which is a function of the 

normal applied electric field between the two graphene layers. The graphene diaphragm controls the 

transmission and reflection coefficients of the waveguide section. By controlling the conductivity of the 

graphene sheet, it is found that it would be possible to control the amplitude and phase of reflection and 

transmission coefficients. With appropriate control it would be possible to use this property for different 

applications like switches, variable attenuators, resonators, phase shifters and modulators in millimeter-

wave range, specifically above 50 GHz.   
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