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Abstract -The present paper addresses solution of the Schrödinger equation in triangular-shaped quantum dots 

using even and odd mirror boundary conditions corresponding to the cases of strong and weak confinement. We 

illustrate the fundamental difference between quantum confinement types for two-dimensional triangular-shaped 

quantum dot, presenting probability distribution plots showing localization of the particle and main tunneling 

channels (when applicable) at the borders of the quantum dot. 
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1. Introduction 
The recent advances in nano-technology were achieved after significant improvement of theoretical 

description of nano-structures and corresponding quantum-mechanical phenomena. The considerable 

interest is focused over nano-particles of different shapes that are widely used in photovoltaic and optical 

devices (Watanabe et al., 2004; Karl et al., 2008), semiconductor industry (Green, 1998), and bio-medical 

applications (Torchynska and Vorobiev, 2011). The most common treatment of the problem of a confined 

particle consists in assumption of strong confinement approximation (Gaponenko, 1998), aiming on 

calculation of energy levels of a confined particle (either electron or exciton) and determination of the 

areas inside the quantum dot where the particle could be located in accordance with the set of 

corresponding quantum numbers. 

However, some experimental studies (see, for example, Dabbousi 1977) have shown that the 

approximation of strong quantum confinement is not entirely accurate in the cases when quantum 

tunneling is possible through the potential barriers that delimit a quantum dot. This confinement is called 

weak quantum  confinement (Vorobiev et al., 2012) and it becomes even more prominent in the case 

when several quantum dots are neighboring, creating a kind of periodic structure, which can be especially 

true for the systems with poor dispersion of nano-particles. If we consider nano-particles made of the 

same material, deposited over a substrate or submerged into another material, it becomes obvious that in 

event of touching nano-particles an electron confined in one nano-object would have more ease to tunnel 

into another nano-object made of the same material rather than tunneling through to a with drastically 
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different properties. It goes without saying that such tunneling may have an important influence over 

parameters of nano-particle clusters, and should receive a detailed theoretical study.  

However, an explicit analytical treatment of quantum tunneling in a system of multiple quantum dots 

is considerably complicated (Gaponenko, 1998). Therefore, it is timely and important to search for a 

robust approximation that can provide good estimation for the properties of nano-particle clusters that 

may involve weak quantum confinement and tunneling. In particular, we will focus on triangular-shape 

quantum dots corresponding to the molecules of organic dye erythrosine (Vorobiev and Torchynska, 

2010). It should be added that, according to our preliminary results, the energy spectra of a triangular 

quantum dot and a pyramid with triangular base are considerably similar, which suggests possible 

applicability of the results described below also to experiments focusing on pyramidal quantum dots. 

   

2. Theoretical Model 
Let us consider a two-dimensional quantum dot of triangular shape situated in x-y plane. By 

introducing the basis vectors for direct and reciprocal lattices (see for details Vieira et al., 2008) it is 

possible to obtain the periodic wave functions of the form  = exp(ikx) with k = 2pia
i
, where pi are 

quantum numbers describing the state of the particle and a
i
 are the vectors of reciprocal lattice: 
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The energy corresponding to such wave vector k can be given as  
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It was shown in Ref. (Vorobiev and Torchynska, 2010) that the energy spectrum of erythrosine 

molecule agrees with Equation (2). It should be emphasized that this expression has no adjustable 

parameters, defining energy spectrum essentially with molecule’s dimensions. Besides, the energy spectra 

of a particle confined in pyramid-shape quantum dot of the similar size (Vorobiev et al., 2013) feature 

similar energy scale, in agreement with observation above.  

To solve the Schrödinger equation for a confined particle, it is necessary to specify the boundary 

conditions. Here, we would like to illustrate the use of “mirror” boundary conditions that represents the 

boundaries of a quantum dot as mirrors reflecting the wave packets corresponding to the confined particle 

(Vorobiev et al., 2010). Upon such reflection, the wave function of the particle will form a system of 

standing waves inside the quantum dot. This periodic structure can be constructed by equaling the values 

of the wave function in a certain point inside the dot (the “object” point) with that in the point obtained as 

a reflection in a plain mirror aligned with the boundary of the quantum dot (the “image” point).  

It should be noted, however, that as the physical meaning of the wave function – the probability to 

find the particle in the given volume – is connected with the product 
*
, which will remain the same 

even upon permutation of wave function sign. Therefore, when equaling the wave function in “object” 

and “image” points in respect to reflecting boundary, it is possible to consider the case object = –image or 

object = image, resulting in odd and even mirror boundary conditions. The former will describe the case 

of strong quantum confinement with wave function vanishing at the boundary, and the latter – the case of 

weak quantum confinement with the wave function permitted to have non-zero values at the boundary, 

which thus will include a certain probability of tunneling. 

Applying even and odd boundary conditions to the wave function constructed for triangular quantum 

dot, one obtains the following odd-function solution: 
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For the case of even boundary conditions the solutions of Schrödinger equations are: 
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where the following new variables were introduced: 
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3. Calculation Results and Discussion 
To study the character of wave function components and probability distribution for a confined 

particle, we performed calculations using Equations (3-4) and (5-6) for the odd and even boundary 

conditions. The wave function components were evaluated in each point of uniformly-spaced grid of 

800×800 points. The surface visualization was performed with floating horizon method (Mukherjee 

2006); the algorithm was expanded for visualization of the underside of the surfaces. To improve the 

appearance of the images, we performed bilinear interpolation of the data (Buss 2003). To highlight 

different slopes of the wave function plots, elementary shading was added as a gradient of wave function 

along the x-axis. It is necessary to stress that the integral of ||
2
 over nan-particle volume has to yield 

unity as a probability to locate a confined particle inside the quantum dot. To simplify comparison 

between different solutions, the surface plots were normalized to keep the same height of the peaks. The 

normalization coefficient constant for the same combination of quantum numbers to facilitate 

comparisons. To emphasize the behavior of wave function and probability distribution at the boundary of 

the quantum dot, we clipped the calculated data with a triangular mask. 

Let us focus first on the case of odd boundary conditions, when the wave function vanishes at the 

boundary in both even and odd cases. Several characteristic plots of the wave function components are 

given in Figure 1 together with corresponding probability density distribution ||
2
. As one can see from 

the figure, for equal wave numbers p1 = p2 = 1 the real component Re vanishes for every coordinate (Fig. 

1a). The imaginary component defines the probability distribution that has a maximum at the centre of the 

dot, characteristic for the ground state. 

Increasing quantum numbers to p1 = 1 and p2 = 4, one can see that real and imaginary parts of wave 

function behaves in a completely different manner (Fig. 1b). The area of the quantum dot is sectioned 

with straight segments of Re = 0 coinciding with medians of the triangle. The wave function has either 

maximum or minimum in the centres of the resulting subdivisions. Now, for the imaginary part the 
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sectioning is done by curves Im = 0 that are perpendicular to the sides of the triangle, which results in 

non-triangular subdivisions. The probability distribution is characterized with two peaks along each side 

of the triangle and a larger peak in its centre. 

For p1 = 2 and p2 = 3 the subdivision pattern becomes more complicated (Fig. 1c). The Re features 

subdivision by a median and a curve that is perpendicular to the median and the base of the triangle. The 

imaginary part is sectioned by curves Im = 0 perpendicular to two sides of the triangle, but there is no 

curve that touches the third side. The corresponding probability distribution is characterized with three 

high peaks located in the vicinity of the corners of the triangle; the probability to find the particle in the 

centre of the quantum dot vanishes. For the excited state with p1 = 4 and p2 = 8 (Fig. 1d) one can see more 

complicated subdivision pattern formed by the curves Re = 0 and Im = 0, which, however, is strongly 

related to the case illustrated in Fig. 1c. That is, the triangle is subdivided in four by the straight segment 

radiating from the centre of each side at an angle /3 from each other. Each four sub-triangles essentially 

replicate the picture seen for p1 = 2 and p2 = 3, with the resulting probability density plot featuring peaks 

near the corners of every sub-triangle. Therefore, the quantum states depicted in Fig. 1 a-d it show a 

considerable variety of preferred particle locations, which either shows a peak in the centre of the 

quantum dot (Fig. 1a, b) or in the vicinity of the corners of the dot (Fig. 1c) or corners of the 

corresponding sub-divisions (Fig. 1d). It goes without saying that such significant difference of 

probability distributions defined by the combination of quantum numbers will have considerable 

influence on the properties of the system. 

 

 
Fig. 1. Surface plots of wave function components Re, Im and probability density ||

2
 for a particle confined in a 

triangular quantum dot. The wave function is obtained by solving the Schrödinger equation with odd mirror 

boundary conditions for the quantum numbers: a) p1 = 1, p2 = 1; b) p1 = 1, p2 = 4; c) p1 = 2, p2 = 3; d) p1 = 4, p2 = 8. 

 

To simplify comparisons, we calculated the distributions of wave function and probability density for 

the same set of quantum numbers for the case of Schrödinger equation solved with even mirror boundary 

conditions (Fig. 2). As one can see from the figure, in contrast with the odd boundary solution, for the 

equal quantum numbers p1 = 1 and p2 = 1 the imaginary part of the wave function vanishes (Fig. 2a). The 

real part thereof has a shallow minimum in the centre of the quantum dot; the corners of the triangle are 

marked with considerable maxima of Re, which dominate the particle probability density landscape (Fig. 

2a). Therefore, it is expected that in the system composed of triangular quantum dots fulfilling the 
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condition of weak quantum confinement, the preferred tunnelling channels will be located at the corners 

of a triangle. 

Upon increasing quantum numbers to p1 = 1 and p2 = 4, the wave function plots undergo sectioning 

with curves and segments marked with Re = 0 and Im = 0. However, in contrast to Fig. 1, it is clearly 

seen that sub-division of a triangle with straight segments coinciding with medians occurs more 

prominently for imaginary part of wave function, while area subdivision with curves perpendicular to the 

sides of the triangle takes place predominantly for the real part thereof. The corners of the triangle in all 

cases illustrated in Fig. 2 coincide with extremes of , producing probability peaks dominating the ||
2
 

landscape - that is, “pinning” the tunnelling channels to the corners of the triangle. At the same time, a 

number of probability peaks appearing along the edges of the triangle suggest that under excitation 

(corresponding to the larger values of p1 and p2) additional narrow tunnelling channels open. 

 

 
Fig. 2. Surface plots of wave function components Re, Im and probability density ||

2
 for a particle confined in a 

triangular quantum dot. The wave function is obtained solving the Schrödinger equation with even mirror boundary 

conditions for quantum numbers: a) p1 = 1, p2 = 1; b) p1 = 1, p2 = 4; c) p1 = 2, p2 = 3; d) p1 = 4, p2 = 8. 

 

For p1 = 2 and p2 = 3 (Fig. 2c) one can observe formation of two tunnelling channels located near the 

centre of each side of the triangle. Increasing quantum numbers to p1 = 4 and p2 = 8 (Fig. 2d) adds many 

new probability peaks along each side and at interior of the quantum dot. We consider this result 

important, as it suggests that a weakly-confined particle in low-energy states “prefers” to tunnel through 

wide channels opening at the corners and sides of a triangular quantum dot, which is illustrated with wide 

probability peaks seen at the boundary (Fig. 2a-c). However, when the energy of the particle grows, the 

width of the peaks corresponding to tunnelling phenomena significantly reduces; at the same time, 

multiple probability peaks emerge in the interior of the quantum dot (with the amplitudes comparable to 

the peaks at the boundary) reflecting the increased degree of particle's localization inside the quantum dot. 

These results may have significant implications for large periodic systems formed by adjacent triangular 

quantum dots. 

 

4. Conclusion 
We compare odd and even mirror boundary conditions for solution of the Schrödinger equation 

describing a particle in a triangular-shaped nano-structure. The obtained analytical expressions illustrate 
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considerable difference between the real and imaginary parts of wave functions corresponding to two-

dimensional triangular system. It was shown that probability density plots can be used as a tool to outline 

the main tunnelling channels in weak confinement case. One of the important conclusions of the analysis 

is that a particle with a low energy “prefers” tunnelling; at the same time, the excited weakly-confined 

particle becomes more localized inside the quantum dot. 
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