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Extended Abstract

The detection of periodic signals in time-series data is a classic problem in statistics, and is critical to scientific
development in many fields, from oceanography to helioseismology. The multitaper-based Harmonic F-test Statistic [1] is
an effective, robust tool for detection of such signals, although its performance degrades in the presence of frequency
modulation. Helioseismology in particular has data which is particularly prone to such frequency modulation, with many
signals being evident in such data with rotation or orbital frequency modulation [2], [3]. The development of robust tests
for frequency-modulated signals is thus of high interest to many applied science fields, for use on high-value scientific data
sets.

In [4], Thomson described a family of projection filters that pass polynomials. These filters linearly combine the
discrete prolate spheroidal sequences [5], with a unique (up to the length of the data, N, and the multitaper bandwidth, W)
set of associated polynomials. Thomson then shows that these projection filters [6], when fit to low-order polynomials to a
time-series’ estimated instantaneous frequency in the neighbourhood of arbitrary carrier frequencies, give a reasonable
approximation to any existing frequency modulation, allowing for demodulation of the series around the carrier. Along
with the polynomial fitting procedure, Thomson proposed a test statistic for selecting the best order of polynomial for the
fit in [6], and (personal communication) also derived an alternative statistic. These two test statistics are approximately
distributed as F(P, K-P) random variables, with K the number of instantaneous frequency eigencoefficients (effectively, the
frequency domain sample size) and P is one more than the degree of the polynomial.

In this work we propose an additional test statistic, distributed as an F(1, K-P) random variable and consider using
these test statistics as a method for detecting frequency modulated signals and estimating their carrier frequencies by
carrying out the test statistic procedure across the entire principal frequency domain at once in a similar fashion to the
Harmonic F-test statistic.

We use simulation studies to compare the performance of the three polynomial test statistics, compared against the
Harmonic F-test statistic and each other. In the simulations, we consider 10,000 iterations of the classic sinusoid plus noise
case, each of length N = 2048, center sinusoidal frequency f = 0.2, and quadratic instantaneous frequency embedded in
additive Gaussian white noise. The Thomson-proposed test statistics correctly obtained a maximum greater than the 1-1/N
quantile of the F(3, K-3) distribution in (f-W, f+W) about 48% of the time. They also incorrectly achieved significant
maximums in (f-W, f+W) at degrees 1, 3 and 4 in roughly 5%, 35% and 30% of the simulations, respectively. The classic
Harmonic F-test statistic achieved a maximum in-band just 9 times out of the 10,000, essentially negligible. The degree 2
F(1, K-P) test statistic that we proposed achieved an in-band maximum at the above significance level in roughly 75% of
the simulations, while the degree 1, 3 and 4 F(1, K-P) statistics incorrectly achieved in-band maximums 8, 15 and 437
times, respectively. Further examination of this and other aspects of performance, such as robustness to nonstationarity and
non-Gaussianity will be discussed.
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