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Abstract -The effect of high-Prandtl number on steady fully developed microscale flow and heat transfer between 

two parallel plates exposed to a constant heat flux is investigated analytically in this study. The Prandtl number over 

several orders of magnitude (5 < Pr <10
3
) as well as different Knudsen number (0 < Kn <0.1) and different modified 

Brinkman number (-0.1 < Br <0.1) are considered. The momentum and energy equations are solved for first order 

boundaries of slip velocity and temperature jump. The influences of the Prandtl number, Knudsen number and 

Brinkman number on the temperature distribution and heat transfer characteristics are discussed.  
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1. Introduction 
 Fluid flow and heat transfer characteristics of microchannels have become the subject of intense 

research in recent years with the rapid developments in electronic industry. Many research has been 

conducted to understand the differences between micro and macro scale flows since microchannels are 

employed in many industrial applications such as micro-electric chip cooling, biochemical application, 

biomedical application, and microelectromechanical systems. 

 Fluid flow and heat transfer characteristics in microchannels depend on the mean free path of the 

fluid and the characteristic length of the flow field. This ratio is defined as Knudsen number which is a 

key parameter in microchannels. Knudsen number generally gives the idea for the suitable fluid flow 

model for the physical system. Hence, fluid flow in microchannels is classified into four groups 

depending on the Knudsen number (Beskok and Karniadakis, 1994). When Kn < 0.001, flow is modelled 

as continuum flow where Navier-Stokes equation can be used with no slip conditions. When 0.001 < Kn 

< 0.1, flow is called slip flow regime and Navier Stokes approach is still used with modified slip 

boundary conditions. 0.1 < Kn < 10 is defined as transition regime and Kn > 10 is defined as free 

molecular flow. 

 Aydin and Avcı (2007) studied analytically on microchannel heat transfer for the laminar flow of 

rarefied gas between two parallel plates with equal temperature or equal heat flux and investigated the 

effects of Knudsen and Brinkman number on Nusselt number. Jeong and Jeong (2006) studied micro flow 

between parallel plates for constant wall temperature and heat flux analytically and reported that the 

Nusselt number decreases when Knudsen number or Brinkman number increases and as Peclet number 

decreases. Tunc and Bayazitoglu (2002) investigated heat transfer in rectangular microchannels 

analytically without considering temperature jump and found that Nusselt number decreases when 

Knudsen number increases and Nusselt number increases with increasing Knudsen number. Zhang et al 

(2010) investigated the effects of viscous heating on heat transfer for parallel plates. They reported that 

viscous heating seriously distorts the temperature profiles. Their results also show that the viscous heating 

effect increases linearly and decreases non-linearly with an increase in Knudsen number. 

 Graetz (1983) solved first the convective heat transfer in a cylindircal tube for laminar flow and 

Barron et al. (1997) solved analytically for slip flow condition. Mecili (2013) investigated slug flow heat 

transfer between parallel plates for microchannels analytically by including slip flow effects. It is found 
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that Nusselt number decreases with an increase of Knudsen number. Buonomo and Manca (2010) studied 

slip flow for natural convection in a vertical microchannel with constant heat flux numerically. Results 

show that the Nusselt number increases with an increase of Kn number for lower Ra numbers and 

decreases for higher Ra numbers. Bao and Lin (2008) studied heat transfer and fluid flow in micro 

Poisuille channel including compressibility effects by Burnett equations. 

 Prandtl number represents the ratio of viscous diffusion to thermal diffusion. When Pr is small, the 

thermal diffusivity dominates the heat transfer mechanisms. Pr number ranges between below 10
-3

 to 

above 10
5
. 

 Yoo et al. (1994), Yoo (1998) and Custer and Shaughnessy (1997) investigated natural convection in 

very low Prandtl numbers. Yu et al. (2010) investigated laminar flow in horizontal cylindrical enclosure 

with an inner coaxial triangular cylinder numerically for Pr numbers between 10
-2

 and 10
3
. They proposed 

correlations for Nusselt number with respect to Rayleigh number for several ranges of Pr number. 

 Ali et al. (2007) investigated the effect of Prandtl number on the hydrodynamic and thermal 

behaviour of a laminar buoyant free jet. Yoo (1998) studied the effect of Prandtl number on branching 

and dual solutions for natural convection in a horizontal annulus. Koca et al. (2007) conducted a study on 

Prandtl number effect on natural convection in triangular enclosures with heating from below. Results 

showed that heat transfer enhances with the increase of Prandtl number and Prandtl number effects the 

temperature and flow fields. Sahu et al. (2009) studied the effects of Reynolds and Prandtl numbers on 

heated 2D square cylinder exposed to an unsteady cross-flow numerically. Results show that local Nusselt 

number increases with increase of the Prandtl number. Nourgaliyev et al. (1997) made an experimentally 

and computational study on the effect of Prandtl number on heat transfer for volumetrically heated liquid 

pools and they found that the effect of the Prandtl number on Nu number is significant particularly on the 

bottom of the enclosures. They also found that increasing Rayleigh number magnifies the effect of Prandtl 

number on Nu number. Benkhelifa et al. (2000) conducted a study on the effect of Prandtl number on 

natural convection heat transfer in cylindrical enclosures and concluded that heat transfer enhances with 

increasing Prandtl number. Kishore and Gu (2011) investigated the flow and heat transfer characteristics 

of spheroid particles numerically for moderate Prandtl and Reynolds numbers.  
 

2. Analysis 
 This study is based on analytical examination of heat transfer and slip flow characteristics in 

enclosures between two parallel plates exposed to constant heat flux. The coordinate system and 

geometry of the problem are given in Fig.1. The flow is assumed to be laminar, steady, incompressible 

and fully developed thermally and hydrodynamically. The thermophysical properties of the fluid are taken 

to be constant. 

 
Fig. 1. The geometry and the coordinate system. 

 

 The momentum equation and the energy equation including viscous dissipation are: 

 
d2u

dy2 =
1

μ

dp

dx
 (1) 
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u
∂T

∂x
= α

∂2T

∂y2 +
ν

cp
(

du

dy
)

2
 (2) 

 

 where μ,   α, ν,  cp and T are dynamic viscosity, thermal diffusivity, kinematic viscosity, specific heat 

and temperature respectively. Navier Stokes approach assumes that the fluid adjacent to the wall obeys no 

slip condition. Hence, the temperature of the fluid reaches the temperature of wall. On the other hand, in 

slip flow regime in microchannels, fluid no longer reaches the velocity of the wall or the wall 

temperature. This means that fluid on the surface slips along the wall having a tangential velocity. The 

tangential velocity is called slip velocity. Thus, the temperature of the fluid on the surface is also different 

from the surface temperature. This temperature difference is called temperature jump. 

 When the wall is stagnant, first order boundaries of slip velocity and temperature jump are defined as 

follows: 

 

us =
Fv−2

Fv
λ

du

dy
|

w
 (3) 

 

Ts − Tw =
Ft−2

Ft

2γ

γ+1

λ

Pr

∂T

∂y
|
w

 (4) 

 

 where us is the slip velocity, λ is molecular mean free path, Fv is the tangential momentum 

accommodation coefficient, Ts is the temperature of the fluid at the surface, Tw is the wall temperature, Ft 

is the thermal accommodation coefficient, γ is the ratio of specific heats and Pr is Prandtl number. Fv and 

Ft are considered equal to unity since they take values near unity for most of the engineering applications 

(Zhang, 2007). 

 

2. 1. Velocity Profile 
 Dimensionless parameters are defined as: 

 

X =
x

H
 ,      Y =

y

H
  ,     U =

u

um
  ,    Us =

us

um
  ,    P =

pH

μum
 (5) 

 

 where um is the mean velocity along the x axis and defined as: 

 

um =
1

2H
∫ udy

H

−H
 (6) 

 

 Dimensionless momentum equation in x-direction for hydrodynamically fully developed Poiseuille 

flow and boundary conditions can be defined as: 

 
d2U

dY2 =
dP

dX
   (7) 

 
dU

dY
|

Y=0
= 0     at      Y = 0 (8) 

 

Us = −2Kn
dU

dY
|
Y=1

   at     Y = 1     and   Kn =
λ

H
 (9) 

 

 Subjected to the boundary conditions defined in Eqs. (8) and (9), analytical solution of the Eq. (7) is 

obtained as 

 

U =
3

2
[

1−Y2+4Kn

1+6Kn
] (10) 
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2. 2. Temperature Profile 
 Constant heat flux on the wall is defined as: 

 

qw = k
∂T

∂y
|

y=H
 (11) 

 

 The variation of fluid temperature along x axis equals to the variation of the wall temperature. Thus 

 
∂T

∂x
=

dTs

dx
   (12) 

 

 Dimensionless temperature is defined as 

 

θ(Y) =
T−Ts
qwH

k

 (13) 

 

 Therefore, the energy equation becomes 

 
∂2θ

∂Y2 = [aU − Br (
dU

dY
)

2
] (14) 

 

 where a =
Hum

qw

dTs

dx
 and Br is the modified Brinkman number for constant heat flux condition and it 

is defined as: 

 

Br =
μum

2

qwH
 (15) 

 

 Dimensionless boundary conditions are: 

 
dθ

dY
|

Y=0
= 0     at      Y = 0 , (16) 

 

θ = 0 ,     
dθ

dY
|

Y=1
= 1  at   Y = 1 (17) 

 

 Under the thermal boundary conditions in Eqs. (16) and (17), the solution of energy equation can be 

obtained as: 

 

θ(Y) = [
3Br

 (1+6Kn)3 +
1

1+6Kn
] [−

1

8
Y4 +

3

4
Y2 + 3Kn(Y2 − 1) −

5

8
] (18) 

− 
3Br

4(1 + 6Kn)2
[Y4 − 1] 

 

 a is defined as: 

 

a = [
3Br

(1+6Kn)2 + 1] (19) 

 

 The dimensionless temperature can be transformed into a more appropriate form by the following 

relation: 
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Ts−Tw
qwH

k

= −
4γ

γ+1

Kn

Pr
 (20) 

 

 Thus, the dimensionless temperature in terms of wall temperature can be defined as: 

 

θ̃ =
T−Tw

qwH

k

= [
3Br

(1+6Kn)3 +
1

1+6Kn
] [−

1

8
Y4 +

3

4
Y2 + 3Kn(Y2 − 1) −

5

8
] (21) 

− 
3Br

4(1 + 6Kn)2
[Y4 − 1] −

4γ

γ + 1
 
Kn

Pr
 

 

 The mean temperature of the fluid can be defined as: 

 

Tm =
∫ ρuTdA

∫ ρudA
   (22) 

 

 Dimensionless mean temperature in terms of Br number is 

 

θ̃m =
Tm−Tw

qwH

k

= −
1

3
[1 +

12γ

γ+1

Kn

Pr
] −

2Br

35(1+6Kn)4 −
11Br

35(1+6Kn)3 (23) 

                                 −
2(1+21Br)

105(1+6Kn)2 −
2

15(1+6Kn)
    

 

 Convective heat transfer coefficient for forced convection is: 

 

h =
qw

Tw−Tm
      (24) 

 

 Thus, Nusselt number can be defined as: 

 

Nu = −
2

θ̃m
          (25) 

 

 Therefore, Nusselt number can be obtained in terms of Br, Kn and Pr numbers as follows: 

 

Nu = 2 {
1

3
[1 +

12γ

γ+1

Kn

Pr
] +

2Br

35(1+6Kn)4 +
11Br

35(1+6Kn)3 +
2(1+21Br)

105(1+6Kn)2  (26) 

         +
2

15(1+6Kn)
}

−1
     

 
3. Results and Discussion 
 Slip flow and heat transfer between two parallel microplates exposed to a constant heat flux has been 

investigated in this study. The variation of Nusselt number has been investigated for different Kn values 

in the range of 0 ≤ Kn ≤ 1.0 and different Br values in the range of -0.1 ≤ Br ≤ 0.1 and high Prandtl 

numbers. 

 Variation of the Nusselt number with the Brinkman number for constant Knudsen and Prandtl 

numbers is shown in Fig. 2. The intersection seen at negative Br near zero changes the Kn-Nu interaction 

in opposite direction. Positive values of the Brinkman number means that the fluid is being heated by a 

hot wall. Therefore, increase in Kn number increases heat transfer rate as a result of higher temperature 

jump. Similar trend for the variation of Nusselt number with Brinkman number was also observed in the 

study conducted by Zhang et al. (2010). It is also clearly seen from Fig. 2 that the effect of Pr number on 

heat transfer is negligible for low values of Kn number. On the other hand, the effect of Pr number on 

heat transfer is more pronounced for high values of Kn number. 
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Fig. 2. Variation of the Nusselt number with the Brinkman number for various values of Kn and Pr numbers. 

 

 Variation of the Nusselt number with Prandtl number is shown in Fig. 3 for various values of 

Knudsen and Brinkman numbers. The effect of Prandtl number on Nusselt number becomes more 

significant when the Prandtl number is below 40. For values above 40, Nu number is approximately 

constant. As the Prandtl number gets higher values, the thermal boundary layer gets thinner. Therefore, 

Nu number converges to a constant value. For high values of Knudsen number, Nu number converges to a 

constant value for higher values of Prandtl number. This is as a result of higher temperature jump for high 

values of Knudsen number. It can therefore be concluded that Pr number becomes more effective for 

smaller microchannels. 

 

 
Fig. 3. Variation of the Nusselt number with the Prandtl number for various values of Kn and Br numbers. 
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Fig. 4. Variation of the Nusselt number with the Knudsen number for various values of Br and Pr numbers. 

 

 The variation of Nu number with Kn number is shown in Fig. 4 for various values of Br number and 

Pr number. For Knudsen numbers below 0.01, the effect of Prandtl number on Nusselt number is 

negligible. Negative values of Br number corresponds to the case that the fluid is cooled by a cold wall. 

Therefore, Nu number shows a decrease with increasing Kn number depending on higher temperature 

jump. Positive values of Br number corresponds to the case that the fluid is heated by a hot wall. 

Therefore, Nu number shows an increase with increasing Kn number depending on higher temperature 

jump. As the Pr number is increased, the Nu number gets higher values depending on a thinner thermal 

boundary layer. The effect of Pr number on Nu number is more pronounced for high values of Kn 

number. 

 Variation of Nu number with the Kn number is given in Fig. 5 for various values of Br and Pr 

numbers. The Prandtl effect becomes less significant for high values of Pr number. The effect of viscous 

heating on heat transfer rate is more significant for low values of Kn number. For high values of Pr 

number, the effect of Br number on heat transfer rate becomes less effective with a decrease in Br number 

when Br number is negative. 

 

 
Fig. 5. The effect of Knudsen number on Nusselt Number for various values of Brinkman and Prandtl number. 
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4. Conclusion 
 The effect of high-Prandtl number on heat transfer and slip flow between two parallel plates exposed 

to a constant heat flux is investigated analytically in this study. The results show that the effect of Pr 

number on heat transfer is negligible for low values of Kn number. On the other hand, the effect of Pr 

number on heat transfer is significant for high values of Kn number. For high values of the Prandtl 

number, the effect of Br number on heat transfer rate becomes less effective for low values of Br number 

when Br number is negative. 

 

References 
Ali, A., Kechiche, N., & Aissia, B.H. (2007). Prandtl-Number Effects on Vertical Buoyant Jets in Forced 

and Mixed Convection Regimes. Energy Conversion and Management, 48, 1435–1449. 

Aydin, O., & Avci, M. (2007). Analysis of Micro-Graetz Problem in a Microtube. Nanoscale and 

Microscale Thermophysical Engineering, 10(4), 345-358. 

Bao, F., & Lin, J. (2008). Burnett Simulation of Gas Flow and Heat Transfer in Micro Poiseuille Flow. 

Int. J. Heat and Mass Transfer, 51, 4139–4144. 

Barron, R.F., Wang, X., Ameel, T.A., & Warrington, R.O. (1997). The Graetz Problem Extended to Slip-

Flow. lnt. J. Heat Mass Transfer, 40(8), 1817-1823. 

Benkhelifa, A., Belhamel, M., & Harhad, A. (2000). Effect of Fluid Prandtl Number on Natural 

Convection in Cylindrical Enclosure. World Renewable Energy Congress VI, 2216-2219. 

Beskok, A., & Karniadakis, G.E. (1994). Simulation of Heat and Momentum Transfer in Complex 

Microgeometries. Journal of Thermophysics and Heat Transfer, 8(4), 647-655. 

Buonomo, B., & Manca, O. (2010). Natural Convection Slip Flow in a Vertical Microchannel Heated at 

Uniform Heat Flux. Int. J. Thermal Sciences, 49, 1333-1344. 

Custer, J.R., & Shaughnessy, E.J. (1977). Thermo Convective Motion of Low Prandtl Number Fluids 

within a Horizontal Cylindrical Annulus. J. Heat Transfer, 99, 596– 602.  

Graetz, L. (1883). Uber die Warmeleitungsfahigheit von Flussingkeiten part 1. Annalen der Physik und 

Chemie, 18, 79–94. 

Jeong, H.E., & Jeong, J.T. (2006). Extended Graetz Problem Including Streamwise Conduction and 

Viscous Dissipation in Microchannel. Int. J. Heat and Mass Transfer, 49(13-14), 2151–2157. 

Kishore, N., & Gu, S. (2011). Momentum and Heat Transfer Phenomena of Spheroid Particles at 

Moderate Reynolds and Prandtl Numbers. International Journal of Heat and Mass Transfer, 54, 

2595–2601. 

Koca, A., Oztop, H. F., & Varol, Y. (2007). The Effects of Prandtl Number on Natural Convection in 

Triangular Enclosures with Localized Heating from Below. In. Com. Heat and Mass Transfer, 34, 

511–519. 

Mecili, M., & Mezaache, E.H. (2013). Slug Flow-Heat Transfer in Parallel Plate Microchannel Including 

Slip Effects and Axial Conduction. Energy Procedia, 36, 268 – 277. 

Nourgaliyev, R.R., Dinh, T.N., & Sehgal, B.R. (1997). Effect of Fluid Prandtl Internally Heated Number 

on Heat Transfer Characteristics in Liquid Pools with Rayleigh Numbers up to 10
12

. Nuclear 

Engineering and Design, 169, 165-184. 

Sahu, A.K., Chhabra, R.P., & Eswaran, V. (2009). Effects of Reynolds and Prandtl Numbers on Heat 

Transfer froma Square Cylinder in the Unsteady Flow Regime. Int. J. Heat and Mass Transfer, 52, 

839–850. 

Tunc, G., & Bayazitoglu, Y. (2002). Heat Transfer in Rectangular Microchannels. Int. J. of Heat and 

Mass Transfer, 45(4), 765–773. 

Yoo, J.S. (1998). Natural Convection in a Narrow Horizontal Cylindrical Annulus: Pr < 0.3. Int. J. Heat 

Mass Transfer, 41, 3055–3073. 

Yoo, J.-S., Choi, J.Y., & Kim, M.-U. (1994). Multicellular Natural Convection of a Low Prandtl Number 

Fluid Between Horizontal Concentric Cylinders. Number. Heat Transfer, A: Appl., 25, 103–115.  

http://www.tandfonline.com/loi/umte20?open=10#vol_10
http://www.sciencedirect.com/science/article/pii/S0017931006000287
http://www.sciencedirect.com/science/journal/00179310
http://www.sciencedirect.com/science/journal/00179310/49/13
http://www.sciencedirect.com/science/article/pii/S0017931001002010
http://www.sciencedirect.com/science/article/pii/S0017931001002010
http://www.sciencedirect.com/science/journal/00179310
http://www.sciencedirect.com/science/journal/00179310
http://www.sciencedirect.com/science/journal/00179310/45/4


 

319-9 

Yu, Z-T., Fan, L.-W., Hu, Y.-C., & Cen, K.-F. (2010). Prandtl Number Dependence of Laminar Natural 

Convection Heat Transfer in a Horizontal Cylindrical Enclosure with an Inner Coaxial Triangular 

Cylinder. Int. J. Heat and Mass Transfer, 53, 1333–1340. 

Zhang, T., Jia, L., Yang, L., & Jaluria, Y. (2010). Effect of Viscous Heating on Heat Transfer 

Performance in Microchannel Slip Flow Region. Int. J. Heat and Mass Transfer, 53, 4927–4934. 

Zhang, Z.M. (2007). Nano/Microscale Heat Transferm ([Online-Ausg.]. ed.), New York: McGraw-Hill. 

ISBN 978-0071436748. 

 

http://en.wikipedia.org/wiki/International_Standard_Book_Number
http://en.wikipedia.org/wiki/Special:BookSources/978-0071436748

