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Abstract – Effects of various viscosity models on mixed convection of water-based CuO nanofluids in a lid-driven square enclosure
with a constant heat flux heater were investigated numerically in this study. The computational results were obtained for the heater length
of 0.50. The Grashof number was kept at a constant value of 104, and the Reynolds number was varied so that the Richardson number
takes values in the range of 0.1 to 10. Three different nanoparticle volume fraction were taken: 0%, 5% and 10%. Results show that a
little increase in circulation intensity for forced convection dominant flow regime and a decrease for natural convection dominant regime
are seen when Pak and Cho viscosity model is used instead of Einstein viscosity model as a result of increase in viscosity. Results also
show that the centre of circulation moves upward when the Pak and Cho viscosity model is used instead of Einstein viscosity model.
Finally, Results show that the Einstein model gives the highest average Nusselt number while the Pak and Cho yields the lowest average
Nusselt number. Differences in the average Nusselt numbers of Einstein, Brinkman and Batchlor models are in insignificant levels.
Percentage difference in the average Nusselt numbers of Pak and Cho model and other models increases with an increase in solid volume
fraction except for the Maiga model. Percentage difference between the average Nusselt numbers of Pak and Cho model and Maiga
model shows a decrease with the solid volume fraction.
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1. Introduction
Low thermal conductivity of conventional heat transfer fluids such as water, oil and ethylene glycol is a primary
limitation in enhancing the performance and the compactness of many devices in industrial applications. This limitation has
been overcome by the introduction of nanofluids, which are the fluids with suspended solid particles of high thermal
conductivity. The studies show that nanofluids have substantially larger thermal conductivities than those of conventional
fluids [1]. The mechanisms behind this anomalous increase in thermal conductivity are: Brownian motion of the
nanoparticles, molecular liquid layering at the nanoparticle interface, the nature of heat transfer, and nanoparticle clustering
[2]. According to Keblinski et al. [2], Brownian motion has a negligible effect on thermal performance while liquid layering
has a considerable effect. As there is no solid theory to estimate the thermal conductivity of nanofluids, models proposed for
two-phase mixtures [3] are used. However, these models do not predict the thermal conductivity of nanofluid accurately.
The experimental results show that the thermal conductivities of nanofluids are much higher than the predictions of these
models. Yu and Choi [4] proposed an alternative thermal conductivity model for nanofluids by considering the effect of
liquid layering around the nanoparticles. Yu and Choi [4] compared their model results with the existing experimental results
in literature and found a good agreement. Yu and Choi [4] model is especially effective for the nanoparticles with a diameter
less than 10 nm. Yu Choi model has been used in this study for the prediction of thermal conductivity of nanofluids.
There are a number of studies in the literature on mixed convection heat transfer of nanofluids. Abu-Nada and Chamka
[5] performed a numerical study on mixed convection flow in a lid-driven inclined square enclosure filled with a nanofluid.
Their results show that average Nu number increases significantly with an increase in the inclination angle and particle
volume fraction. Mahmoodi [6] performed a study on mixed convection flow and heat transfer in a lid-driven enclosure filled
with a nanofluid. The results of this study show that the average Nusselt number for the tall enclosures is higher than those
of the shallow enclosures. Elharfi et al. [7] studied mixed convection heat transfer for nanofluids in a lid-driven shallow
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rectangular enclosure uniformly heated and cooled from the vertical walls. They concluded that the addition of Cunanoparticles into the pure water leads to an enhancement or a degradation in heat transfer depending on the values of Re
and Ri. Kefayati [8] studied mixed convection of non-Newtonian nanofluids in a lid-driven enclosure with a sinusoidal
temperature profile and concluded that the fall of the power law index declines heat transfer and addition of nanoparticle
augments heat transfer for studied parameters. Kahveci and Öğüt [9] performed a numerical investigation on mixed
convection heat transfer and fluid flow in a lid-driven square enclosure heated with a constant heat flux heater. Their results
show that the presence of nanoparticles in the base fluid causes a significant enhancement in heat transfer and heat transfer
rate increases considerably with a decrease in the Richardson number and the length of the heater. Shahi et al. [10] conducted
a numerical investigation of mixed convection flow through a copper–water nanofluid in a square cavity with inlet and outlet
ports. The results indicate that increase in solid concentration leads to an increase in the average Nusselt number at the heat
source surface and decrease in the average bulk temperature. Moumni and Sediki [11] worked on mixed convection of
nanofluids in a ventilated square enclosure including two heat sources and found that adding nanoparticles to base fluid and
increasing both Re and Ri number enhance heat transfer rate. Chamkha and Abu-Nada [12] performed a numerical
investigation on steady laminar mixed convection flow in a square cavities filled with a nanofluid. Two viscosity models
were used to approximate nanofluid viscosity: the Brinkman model and the Pak and Cho correlation. Their results show that
the percent increase in the average Nusselt number using the Pak and Cho correlation is significantly higher than those
corresponding to the Brinkman model for all values of nanoparticle volume fractions for a double-lid driven enclosure.
From the above literature, it can be concluded that there are not enough studies on the effects of different viscosity
models on mixed convection of nanofluids in an enclosure. Therefore, this study aims to investigate the effects of viscosity
models on mixed convection of nanofluids inside a square enclosure heated with a uniform heat flux.

2. Analysis
The geometry and the coordinate system used in the analysis are shown in Fig. 1. The top wall of the enclosure moves
from left to the right with a constant velocity. A heater is attached to the bottom wall of the enclosure. Temperature of the
moving wall is constant and the other walls are adiabatic. The nanofluid in the enclosure was assumed to be Newtonian,
incompressible, and laminar and to have constant thermos-physical properties except for the density. The base fluid and
nanoparticles were assumed to be in thermal equilibrium. Under these assumptions, dimensionless governing equations in
vorticity-stream function formulation take the following form:
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where , α, and  is the density, viscosity, thermal expansion coefficient, thermal diffusivity, and nanoparticle
volume fraction, respectively. u and v are the dimensionless velocity components in the x and y directions, respectively.  is
the dimensionless temperature. The subscripts nf, f, and s stand for the nanofluid, fluid, and solid, respectively.  and  are
the dimensionless stream function and vorticity defined as:
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The Reynolds, Prandtl, and Grashof numbers are defined as:
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where L is the length of the square enclosure, g is the gravitational acceleration, and T is the temperature.
The dimensionless variables used in the nondimensionalization of the governing equations are:
u*
v*
p*
x*
y*
u

,
v

,
p

x
, y
,
U
U
 f , 0U 2
L
L

,



T * - TC
T

T 
,

q L
kf

(6)

where U is the velocity of the cold top wall, k is the thermal conductivity, and q’’ is the heat flux. The subscript c
stands for the cold wall.
Governing equations are subjected to the following boundary conditions:

=0, u =1, v = 0 at y=1
∂θ/∂y =0 at y=0 and 0 ≤ x < (a − ε/2)
∂θ/∂y =−kf/knf at y=0 and (a − ε/2) ≤ x ≤ (a + ε/2)
∂θ/∂y =0 at y=0 and (a + ε/2)< x ≤ 1,
u = v = 0 at y=0

(7)
(8)
(9)
(10)
(11)

where a* is the distance of the heater midpoint from the vertical wall. ε is the dimensionless length of the heater
defined as ε = w/L and a is the dimensionless distance of the heater midpoint defined as a = a*/L .

Fig. 1: Geometry and the coordinate system.

Nanofluid viscosity is one of the most important factors in convective heat transfer because it has an important effect
on flow and heat transfer. Several viscosity formulations based on nanoparticle volume fraction seen in Table 1 were used
in this study to reveal the effect of these models on the flow and heat transfer.
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Table 1: Viscosity models.

Model
Einstein

Effective viscosity
eff   f (1  2.5 )

Brinkman

 eff   f / 1   

Batchlor

eff   f (1  2.5  6.5 2 )

Maiga

 eff   f (1  7.3  123 2 )

Pak and Cho

eff   f (1  39.11  533.9 2 )

2 .5

The thermal conductivity model proposed by Yu and Choi [13] was used in this study to predict the nanofluid thermal
conductivity.
k eff
kf

k s  2k f  2k s  k f 1    
3



k s  2k f  k s  k f 1    
3

(12)

where  is the ratio of the liquid layering thickness to the original particle radius.
The other thermos-physical properties of nanolfuid are defined �s:
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where cp is the specific heat.
The local heat transfer coefficient is defined as:
q
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hx 

(16)

where h x is the local heat transfer coefficient. The local and average Nusselt numbers for the heated wall can be
defined as follows:
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where s (x) is the dimensionless local temperature of the heated wall.

3. Results and Discussion
The solutions of governing equations were obtained by Comsol Multiphysics finite element modelling and simulation
software. The thermo-physical properties of the base fluid and solid particles (CuO) used in this study are shown in Table 2.
The Grashof number was kept constant with a value of 104, and the Reynolds number was varied such that the Richardson
number gets values in the range 0.1-10. The Richardson number is defined as Ri=Gr/Re2 and represents the relative
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importance of buoyancy forces with respect to the shear forces. Three different nanoparticle volume fractions were considered
in this study: 0, 5, and 10 and  the ratio of the liquid layering to the original particle radius, was taken as 0.1.
Table 2: Thermo-physical properties of the base fluid and nanoparticle.

Property

Water

CuO

(kg/m3)

997.1

6500

cp (j/kg K)

4179

535.6

k (W/m K)

0.613

20

x107 (m2/s)

1.47

57.45

(K-1)

0.00021

0.000051

Streamlines and isotherms inside the enclosure are shown in Figure 2 for the Einstein viscosity model. As it can be
observed from Figure 2, a clockwise rotating circulation cell forms the flow field for all values of the Richardson number by
the effect of lid moving from left to right. Circulation centre is in the upper part of the enclosure as a result of the higher
shear forces in the upper part of enclosure. With an increase in the Richardson number, circulation centre moves upward
because of the increase in the buoyancy forces. Variation in the circulation intensity with an increase in the nanoparticle
volume fraction seems to be insignificant because of the counter-effects of the increased thermal conductivity and viscosity.
An increase in the solid particle volume fraction increases the thermal conductivity and viscosity. An increase in the thermal
conductivity has a positive effect on the circulation intensity. On the other hand, an increase in the viscosity has a negative
effect on the circulation intensity. As a result, change in circulation intensity remains in insignificant levels. Because of the
clockwise rotating flow, isotherms along the heater are more compressed on the right side of the enclosure, and they become
more separated as the fluid particles are heated during their journey towards left. Temperature also takes higher values toward
the left side wall of the enclosure due to the clockwise rotating circulation. With an increase in the solid volume fraction, the
slope of isotherms inside the enclosure decreases because of the increasing energy transport from the hot wall to the nanofluid
due to the higher thermal conductivity.
The streamlines and isotherms inside the enclosure are shown in Figure 2 for the Pak and Cho viscosity model. Pak
and Cho viscosity model produces highest viscosity predictions for nanofluid viscosity. Therefore, an increase in circulation
intensity for forced convection dominant flow regime and a decrease for natural convection dominant regime are seen when
this model is used. The circulation centre moves upward as a result of increase in the shear forces with the increase in the
viscosity. As a result of circulation centre closer to the top wall for low values of Richardson number and low circulation
intensity for the high values of the Richardson number, isotherms along the heater are more separated in the vertical direction.
The variation of the average Nusselt number is shown in Table 3 for the viscosity models considered in this study. It can be
concluded from Table 3 that the Einstein model gives the highest average Nusselt number and the Pak and Cho yields the
lowest average Nusselt number. On the other hand, differences between the results of Einstein, Brinkman and Batchlor
models are in insignificant levels. Percentage difference in the average Nusselt numbers of the Pak and Cho model and other
models increases with an increase in the solid volume fraction except for the Maiga model. Percentage difference in the
average Nusselt numbers of the Maiga model and Pak and Cho model shows a decrease with the solid volume fraction.
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Fig. 3: Streamlines and isotherms for the Einstein model for a) Ri=0.1, b) Ri=1, c) Ri=10.
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Fig. 4: Streamlines and isotherms for the Pak and Cho model for a) Ri=0.1, b) Ri=1, c) Ri=10.
Table 3: Variation of the average Nusselt number for different viscosity models.

Ri
00.1

11

110


0.00
0.05
0.10
0.00
0.05
0.10
0.00
0.05
0.10

M1
Einstein
13.42
15.45
17.59
8.42
9.37
10.41
6.66
7.25
7.87

M2
Brinkman
13.42
15.41
17.44
8.42
9.37
10.37
6.66
7.24
7.83

M3
Batchlor
13.42
15.40
17.39
8.42
9.36
10.36
6.66
7.24
7.82
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M4
Maiga
13.42
14.36
15.25
8.42
9.12
9.89
6.66
6.91
7.14

M5
Pak and Cho
13.42
13.21
14.50
8.42
8.82
9.66
6.66
6.28
6.56

4. Conclusion
In this study, effects of various viscosity models on mixed convection heat transfer and fluid flow in a lid driven square
enclosure with a constant heat flux heater has been investigated numerically. The concluding remarks are as follows: An
increase for forced convection dominant flow regime and a decrease for natural convection dominant regime are seen in the
circulation intensity when the Pak and Cho viscosity model is used instead of the Einstein viscosity model. Circulation centre
gets closer to the top wall when the Pak and Cho viscosity model is used instead of the Einstein model. The Einstein model
gives the highest average Nusselt number while the Pak and Cho yields the lowest average Nusselt number. The circulation
centre moves upward when the Pak and Cho viscosity model is used instead of Einstein viscosity model. Differences in the
average Nusselt numbers of the Einstein, Brinkman and Batchlor models are in insignificant levels. Percentage difference in
the average Nusselt numbers of the Pak and Cho model and other models increases with an increase in solid volume fraction
except for the Maiga model. Percentage difference between the average Nusselt numbers of the Maiga model and Pak and
Cho model shows a decrease with the solid volume fraction.
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