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Abstract – This paper presents a surface tension model for Smoothed Particle Hydrodynamics. This model originates from previously
published models based on the Continuum Surface Force approach. Its main feature is how it deals with the free surface, where particles
suffer from particle deficiency. The model is tested in two dimensions using oscillating and static cylindrical rod problems. Its sensitivity
to spatial resolution was evaluated, and some of the model's features discovered. Overall, the model seems to provide accuracy sufficient
for most practical applications.
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1. Introduction
Surface tension is a phenomenon occurring on interfaces between immiscible phases, usually liquid and gas or two
liquids. Molecules of liquids posse more energy when they are close to the surface than if they are surrounded by the same
phase from all sides. As a result, liquids tend to have as small surface as possible. This fact influences fluid’s behavior
noticeably, especially in small scale problems like droplet interactions, where surface forces are comparable to inertial and
viscous forces.
In continuum mechanics, surface tension is described by the Young-Laplace equation

̂
∆𝑝 = −𝜎∇ ⋅ 𝐧

(1)

which states that pressure step on the interface ∆𝑝 is directly proportional to surface tension coefficient 𝜎 and divergence

̂. This divergence represents the mean curvature of the surface.
of the unit surface normal 𝐧
One of the ways how to implement this equation into numerical methods is Continuum Surface Force (CSF), first
introduced by Brackbill et al. [1] for the use in Finite Volumes Method (FVM), where the pressure step on the interface is
caused by a force exerted on fluid volume near the interface. This concept proved itself to be viable for SPH as well, and
Morris [2] or Hu and Adams [3] presented such methods for multiphase flows. Some surface tension models for free-surface
flows, where the lighter gaseous phase is completely omitted, have been published as well by Zhang [4] or Ordoubadi et al.
[5]. These works present more complicated ways of interface tracking than in a proper multiphase flow.
This work aims to show a possible way of modeling surface tension in free-surface flows without too complicated
algorithms but reasonable robustness and accuracy at the same time. The proposed method is described in detail and its
abilities are presented on simple two-dimensional problems. The results are compared with exact solutions, and the results
are discussed.

2. Computational Method
Smoothed Particle Hydrodynamics (SPH) is a particle computational method for solving partial differential equations.
Its Lagrangian nature makes it particularly suitable for solutions of transient, multiphase problems in hydrodynamics. In this
work, weakly compressible SPH is employed, which is a way of solving incompressible fluid flow as a slightly compressible
one. More information about the method can be found, for example, in the monograph by Liu and Liu [6].
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2.1. Governing Equations
The governing equations of fluid motion are the continuity equation and the momentum equation. In SPH form with
Lagrangian time derivatives these can be written as

𝑚𝑗
D𝜌𝑖
= 𝜌𝑖 ∑ (𝐯𝑖 − 𝐯𝑗 ) ⋅ ∇𝑊𝑖𝑗
D𝑡
𝜌𝑗

(2)

D𝐯𝑖
𝑝𝑖 𝑝𝑗
= − ∑ 𝑚𝑗 ( 2 + 2 + Π𝑖𝑗 ) ∇𝑊𝑖𝑗 + 𝐚𝑖
D𝑡
𝜌𝑖 𝜌𝑗

(3)

𝑗

𝑗

where 𝑡 is time, 𝜌 is density, 𝑚 mass, and 𝐯 velocity. Subscripts 𝑖 and 𝑗 indicate particles. Function 𝑊 is a so-called weight
function, and in this case, the truncated Gaussian kernel was used [6]. It can be described by the relation
−𝑑/2 −𝑑

𝑊𝑖𝑗 (𝑅, ℎ) = {𝜋
0

ℎ

exp(−𝑅2 ) if 𝑅 ≤ 3
if 𝑅 > 3

(4)

where 𝑑 is number of spatial dimensions, ℎ is so-called smoothing length, which is a parameter related to spatial resolution,
and 𝑅 = |𝐱𝑖 − 𝐱𝑗 |⁄ℎ is normalized particle distance. Vector 𝐱 denotes spatial position. Term Π is the numerical viscosity
term serving mostly for numerical stabilization [7]. It is defined as
Π𝑖𝑗 = max [−

𝛼𝑐𝑖𝑗 ℎ𝑖𝑗
(𝐯𝑖 − 𝐯𝑗 ) ⋅ (𝐱𝑖 − 𝐱𝑗 )
; 0]
2
𝜚𝑖𝑗 (𝐱𝑖 − 𝐱𝑗 ) ⋅ (𝐱𝑖 − 𝐱𝑗 ) + 𝜀ℎ𝑖𝑗

(5)

where 𝛼 is the artificial viscosity coefficient and 𝑐 is speed of sound (physical or numerical). Mean values of the particle pair
is taken for the variables with index 𝑖𝑗. Parameter 𝜀 = 0.01 serves for avoiding division by zero. Term 𝐚 is the external
acceleration caused by surface tension, which is described in detail in subsection 2.2.
An equation of state has to be used to close the system of equations (2) and (3). The equation
𝑝=

𝑐 2 𝜌0 𝜌 𝛾
[( ) − 1]
𝛾
𝜌0

(6)

first used by Monaghan [8] is employed. Parameter 𝛾 = 7, 𝜌0 is reference density, and 𝑐 is numerical speed of sound. It is
chosen according to particular problem to reach small changes in density, preferably no more than 1%.
2.2. Surface Tension Model
The Young-Laplace equation (1) has to be transformed into a form suitable for SPH. The form presented in the following
paragraphs originates from the first method published by Morris [2]. For the location of an interface serves so-called color
function 𝑓. Since there is only one phase in free-surface problems, for all particles holds 𝑓𝑖 = 1. However, this function is
not suitable for finding surface normal. First, it has to be smoothed near the interface. A modified colour function 𝑓 ∗ is
obtained using the formula

𝑓𝑖∗ = ∑
𝑗

𝑚𝑗
𝑓𝑊
𝜌𝑗 𝑗 𝑖𝑗

(7)

In proper multiphase problems, 𝑓 ∗ goes down from unity in respective phase to zero outside this phase. But in free
surface problems, it cannot reach zero, since there are no particles of another phase. To fix this, 𝑓 ∗ is transformed to 𝑓 ∗∗
using relation
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𝑓𝑖∗∗ = (𝑎𝑓𝑖∗ − 𝑎 + 1)𝑏

(8)

The further presented results were computed for 𝑎 = 2 and 𝑏 = 4. Other functions can be used for this transformation as
well.
Surface normal vector 𝐧 is now found as gradient of color function 𝑓 ∗∗ using formula
𝑚𝑗 ∗∗
(𝑓 − 𝑓𝑖∗∗ )∇𝑊𝑖𝑗
𝜌𝑗 𝑗

𝐧𝑖 = ∑
𝑗

(9)

To exclude spurious normal vectors from further computations, they are evaluated by their magnitude. This is practically
done by a sorting function N defined as
N𝑖 = {

1 if |𝐧𝑖 | ≥ 0.01/ℎ𝑖
0 if |𝐧𝑖 | < 0.01/ℎ𝑖

(10)

A correction function 𝐶 is defined
𝐶𝑖 = ∑
𝑗

𝑚𝑗
min(N𝑖 , N𝑗 ) 𝑊𝑖𝑗
𝜌𝑗

(11)

and the corrected normal vectors 𝐧∗ are computed as
𝐧∗𝒊 = 𝐧𝑖 /𝐶𝑖

(12)

The divergence of unit normal vector is calculated using formula including correction
(∇ ⋅ 𝐧
̂𝑖 ) = ∑ min(N𝑖 , N𝑗 )
𝑗

𝑚𝑗
̂ −𝐧
̂𝑖 )∇𝑊𝑖𝑗 ⁄𝐶𝑖
(𝐧
𝜌𝑗 𝑗

(13)

This divergence is then averaged to smooth out the curvature field and eliminate extreme values that lead to surface
disruptions
(∇ ⋅ 𝐧
̂𝑖 )∗ = ∑
𝑗

𝑚𝑗
(∇ ⋅ 𝐧
̂𝑖 )𝑊𝑖𝑗 ⁄𝐶𝑖
𝜌𝑗

(14)

The final surface tension acceleration vector in equation (3) stands
𝐚𝑖 = −

𝜎
(∇ ⋅ 𝐧
̂𝑖 )∗ 𝐧∗𝒊
𝜌𝑖

(15)

4. Test Problem Definition
The surface tension model was tested on a two-dimensional oscillating rod. This problem can show its ability in both
static and dynamic behavior. The theoretical solution of the problem is known, so the precision of the method can be
evaluated as well.
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Initially, identical fluid particles arranged into regular triangular lattice form an ellipse: a two-dimensional representation
of an elliptical rod. The ratio of the major and minor axis is 1.25. Velocity is set to zero for all particles. After the simulation
starts, the ellipse tends to transform into a circle to minimize its surface. However, due to the inertia of the liquid, the rod
begins to oscillate, transforming surface and kinetic energy back and forth. The relation between the angular frequency of
the oscillations Ω, surface tension coefficient 𝜎, fluid density 𝜌, and the rod diameter 𝐷 stands [9]
48𝜎
Ω=√ 3
𝐷 𝜌

(16)

The surface tension coefficient can be therefore calculated from the other parameters during the simulation, and the accuracy
of a surface tension model can be evaluated by comparing the computed value with the nominal one.
In this work, the oscillation frequency is evaluated from measuring axes of the ellipse at discrete time instances and
interpolating the data with the equation of dampened oscillatory motion using the least-squares method. Density is considered
to keep its initial nominal value because it changes by less than 0.5%. A known volume of the rod serves for calculation of
its diameter.
After the rod reaches its circular equilibrium state, the pressure profile is measured from the rod center to the surface
and beyond. Virtual pressure sensors previously presented in [10] were used. The exact solution of pressure rise in a liquid
rod due to surface tension is well known, so the model’s precision can be evaluated again.

5. Results and Discussion
Three cases are presented, and the only changing parameter is the size (diameter) of the rod; all other physical and
numerical parameters are kept constant. This parameter is considered to affect the model the most since the evaluation of
surface normal vectors and curvature can be dependent on relative spatial resolution. The number of particles N in the
discussed cases is 649, 1165, and 2259. Evaluation of the model is done by comparison between surface tension coefficient
obtained using techniques described in the previous section and the nominal surface tension coefficient used in the model.
The measured oscillations and interpolation functions illustrates Fig. 1. Particles move orderly, which allows precise
interpolation and thus reliable value of Ω. Oscillations are gradually dampened, but it does not affect the evaluation
negatively. The ratio between evaluated and nominal surface tension coefficient varies from 1.023 for the smallest diameter
to 0.958 for the largest one. One explanation for this is the fact that surface curvature is not evaluated exactly on the surface,
but in a layer of finite thickness. The mean radius of this layer is lower than the surface radius, so the curvature is higher,
and the effect of surface tension, according to the Young-Laplace equation (1), is greater. Relative layer thickness is higher
for smaller diameter, and this effect is stronger.
The pressure inside the static rod for all three cases and the exact solution shows Fig. 2. The pressure in the rod is higher
than predicts the exact solution by 12.4% for the lowest resolution and by 2.5% for the highest resolution. Resolution
dependency can be again explained by surface layer thickness. Model behavior near the surface can be studied as well.
Pressure drops in the surface layer from a constant value inside a rod to about 35% of this value on the very surface. The
thickness of this layer depends on spatial resolution, and its thickness is about five times the initial particle spacing.
Overall, the static rod pressure test indicates higher values of surface tension coefficient than the oscillation test.
The source of discrepancies between the two evaluation methods is probably due to different sensitivity to input
parameters. For example, the surface tension coefficient directly proportional to 𝐷 in the pressure evaluation, while in
the oscillation method, it is proportional to 𝐷 3 . Therefore, the oscillation method is more sensitive to any error in the
determination of diameter. Table 1 summarizes the above-discussed results.
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Fig. 1: Dimensions of axes of an elliptical rod as a function of time.

Fig. 2: Non-dimensional pressure as a function of non-dimensional distance from center of the rod; comparison of simulations and the
exact solution.
Table 1: Summary of the discussed results.

N (1)

D (mm)

649
1165
2259

1.338
1.792
2.495

𝜎𝑜𝑠𝑐𝑖𝑙𝑙𝑎𝑡𝑖𝑜𝑛
⁄𝜎𝑚𝑜𝑑𝑒𝑙 [1]
1.023
0.977
0.958
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𝜎𝑠𝑡𝑎𝑡𝑖𝑐
⁄𝜎𝑚𝑜𝑑𝑒𝑙 [1]
1.124
1.066
1.025

6. Conclusion
The main goal of this paper is to propose a new CSF surface tension model for SPH suitable for free-surface
and demonstrate its basic features on a simple two-dimensional problem. Two independent methods of evaluation were
chosen for the validation of the model. Static rod internal pressure measurement is very straightforward and simple to
while oscillation measurement, being a little more complex, gives information about surfaces in motion. The model
itself to be stable and adequately precise for application to actual computational problems, for example, droplet
interactions.
The model can be further improved, for example, by altering the color function transformation equation (8) and
finding a more suitable one. The identified resolution dependency could be probably suppressed by correction on
curvature evaluation based on distance from the surface.

Acknowledgements
This work was supported by the Grant Agency of the Czech Technical University in Prague, grant No.
SGS20/112/OHK2/2T/12.

References
[1] J.U. Brackbill, D.B. Kothe, and C. Zemach, “A continuum method for modeling surface tension,” J. Comput. Phys.,
vol. 100, no. 2, pp. 335-354, 1992.
[2] J.P. Morris, “Simulating surface tension with smoothed particle hydrodynamics,” Int. J. Numer. Meth. Fl., vol. 33, no.
3, pp. 333-353, 2000.
[3] X.Y. Hu and N.A. Adams, “A multi-phase SPH method for macroscopic and mesoscopic flows,” J. Comput. Phys., vol.
213, no. 2, pp. 844-861, 2006.
[4] M. Zhang, “Simulation of surface tension in 2D and 3D with smoothed particle hydrodynamics method,” J. Comput.
Phys., vol. 229, no. 19, pp. 7238-7259, 2010.
[5] M. Ordoubadi , M. Yaghoubi, and F. Yeganehdoust, “Surface tension simulation of free surface flows using smoothed
particle hydrodynamics,” Sci. Iran. B, vol. 24, no. 4, pp. 2019-2033, 2017.
[6] G.R Liu and M.B. Liu, Smoothed Particle Hydrodynamics - A Meshfree Particle Method. New Jersey, NJ: World
Scientific, 2003.
[7] J.J Monaghan and R.A. Gingold, “Shock simulation by the particle method SPH,” J. Comput. Phys., vol. 52, no. 2, pp.
374-389, 1983.
[8] J.J Monaghan, “Simulating Free Surface Flows with SPH,” J. Comput. Phys., vol. 110, no. 2, pp. 399-406, 1994.
[9] A. Tartakovsky and P. Meakin, “Modeling of surface tension and contact angles with smoothed particle
hydrodynamics,” Phys. Rev. E, vol. 72, no. 2, pp.026301, 2005.
[10] P. Jančík and T. Hyhlík, “Pressure evaluation during dam break using weakly compressible SPH,” EPJ Web Conf., vol.
213 02030, 2019.

HTFF 166-6

