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Abstract - In this paper, an asymptotic solution of the forced convective heat transfer for Stokes flow including viscous dissipation in
a two-dimensional sinusoidal wavy channel is presented. The velocity components, pressure, and temperature distributions are sought as
an asymptotic expansion in terms of the amplitude to half-mean-height ratio up to the second order. The Nusselt number is calculated in
terms of the amplitude to half-mean-height ratio, @, and the half-mean-height to wavelength ratio, €. In addition to that, a numerical
solution, by using ANSYS Fluent solver and integrating Python scripting to automate several parts of the simulations, is presented to
validate the asymptotic solution. It is found that the asymptotic and numerical solutions are in good agreement with slight quantitative
differences for « = 0.2 or ¢ = 0.5. However, as « increases further, there is a change in the behavior of the Nusselt number defined at
the wall due to the use of Taylor series expansions for the boundary conditions which induces an approximated corrugated channel that
differ slightly from the exact sinusoidal channel as « increases.
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1. Introduction

The Stokes flow is the flow for very low Reynolds numbers which is one of the fundamental topics in fluid mechanics
that has many applications in various industrial trends such as microfluidics. Analytical perturbations to the well-known
Poiseuille flow, which is the laminar flow in long parallel-plate channels or circular pipes are studied by many researchers
for different configurations and by using various methods. Wang (1979) [1] and Phan-Thien (1980) [2] presented an
asymptotic solution to the Stokes flow respectively in wavy channels and wavy pipes for small amplitudes of the wall
corrugation. Later, Vasudeviah and Balamurugan (2001) [3] studied analytically, by using the asymptotic solution for small
amplitudes of the wall corrugation, the forced convective heat transfer for Stokes flow in a wavy channel with one surface
warmer than the other including viscous dissipation. Wang (2004) [4] and Wang (2006) [5] investigated analytically the
Stokes flow respectively through a three-dimensional channel and tube with bumpy walls for small amplitudes of the wall
corrugation. Ng and Wang (2010) [6] used the asymptotic solution for the Darcy-Brinkman flow in a wavy channel. Wang
(2011) [7] presented the asymptotic solution for the slip flow in wavy channels. Recently, Lei et al. (2019) [8] studied the
electro-osmotic pumping through a bumpy microtube using the asymptotic solution. Okechi and Asghar (2020) [9]
investigated the Darcy-Brinkman flow in a corrugated curved channel.

The objective of this paper is to present an asymptotic solution, similar to those presented in [4,5], of the forced
convective heat transfer for Stokes flow in sinusoidal wavy channels including viscous dissipation with a validation by using
ANSYS Fluent solver. The asymptotic solution is sought in terms of the small amplitude to half-mean-height ratio up to the
second order. The boundary conditions at the walls, no-slip flow and isothermal conditions, are expanded as Taylor series in
terms of the small amplitude to the half-mean-height ratio which leads to an approximated corrugated channel. Thus, this
paper attempts to validate the correctness of this approximation as well as to investigate its limits and effect on the results’
behavior. The numerical solution is obtained by using ANSYS Fluent solver with the integration of Python scripting to
automate several parts of the simulations.

This paper is divided into four sections. The second section presents the analysis including the geometrical configuration,
mathematical formulation, asymptotic solution, parameter definitions, and numerical solution. The third section presents the
results and discussions. Finally, the conclusion is presented with a summary of this work.
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2. Analysis
2.1. Geometrical Configuration

The two-dimensional sinusoidal wavy channel is considered infinite. Figure 1 shows one period of the two-
dimensional sinusoidal channel. The upper and lower isothermal walls are given respectively by:

*

21X 2mx*
ylj(x*)=H+asin( i ); yl*(x*)=—H—asin< 7 ) (1)
where H is half-height of the parallel-plate channel (a = 0) which is the half-mean-height, a is the amplitude of the
sinusoidal channel, and L is the period of the sinusoidal channel which is the wavelength. (x*,y*) are the cartesian
coordinates.

Fig. 1: One period of the two-dimensional sinusoidal channel.

2.2. Mathematical Formulation

The forced convective heat transfer for Stokes flow of Newtonian fluid with constant thermo-physical properties
and negligible body forces including viscous dissipation is governed by the following reduced versions of the mass,
momentum, and energy conservation equations:

ou* ov* o%u* 9%u* 10p* 9%*v* 09%v* 10p*
st 2 =0 gt o= et e T g @)
ox*  dy ox*¢  Qy*c uox* 0x** 0dy*c uady
92T*  32T* 2uf/ou?  sovi\* 1 /0u* avH\*
=2 G 3
ox* oy* k [\ox* ay* 2\dy* oJx*

where u* and v* are the velocity components respectively along x* and y*. u, k, p*, and T™ are respectively the viscosity,
thermal conductivity, pressure, and temperature of the fluid.
The boundary conditions, no-slip and isothermal conditions, at the upper and lower walls are given respectively by:

frony =) =y =y&))=0 T (x"y =yG&)) =Ty =y &) =T, “)
where T, is the constant wall temperature and ™ is u* or v*.
The sinusoidal channel is periodic with an infinite length. Therefore, only one period is studied and the flow is

considered periodic hydrodynamically and thermally fully developed. Thus, the solutions at the inlet and outlet of the
studied period are related by the following equations:

ff&xhy) =f"x"+Ly");, p*(x"y") =p*"(x*+L,y*) + Ap” Q)
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where Ap” is the pressure drop across one period and f* is u*, v*, or T".
Defining the following dimensionless variables as:

(6)

V*
X=—; Yy="; u=-—; VZV; p=—; T =

where U, V, P, and T, are respectively characteristic values of the longitudinal velocity, transversal velocity, pressure, and
temperature.

Substituting Eq. (6) into Egs. (2) and (3) leads to the following dimensionless governing equations:

ou ov 0’u 0%*u 0 d%v 0>v d
Vg 222 08 P a0V 20V P (7)
ox dy 0x?  0dy? ox 0x? dy? 0y
02T  9%T oy o> 1ou ovy
R R 8
¢ 0x2+ay2 T[E dox te dy +2 6y+£ dx ®)
2 2
where U = P#LL, V= %U from the continuity equation, Br = - (;uiT ) is the Brinkman number that accounts for viscous

dissipation, and € = Tisa dimensionless parameter, half-mean-height to wavelength ratio, related to the existence of the

transversal velocity.
The dimensionless upper and lower walls are given by:

yﬁl(:*) =1+ asin(Zmx); yi(x) = y’*f:*) = —1—a sin(2mx) ©9)

Y (x) =

where a = % is a dimensionless number, amplitude to half-mean-height ratio, related to the deformation of the parallel-plate

channel.
The dimensionless boundary conditions at the walls are given by:

floy =y @) =f(xy=yx)=0 (10)

where f isu,v,orT.
The dimensionless periodic conditions are given by:

fy) =flx+1Ly) pxy)=p+1Ly)+A4p (11
where Ap = ATP* is the dimensionless pressure drop across one period and f is u, v, or T.

2.3. Asymptotic Solution
The solutions are sought as an asymptotic expansion in terms of @ < 1 up to the second order as follows:

u=1uy+au, +a’u, +0(@3); v=vy+av, +a?v,+0(@3); p=p,+ap; + a’p, + 0(a3); (12)
T = TO + aT]_ + aZTZ + 0(“3)

The boundary conditions at the upper and lower walls are expanded as Taylor series respectively about y = 1 and
y = —1 as follows:
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where f isu,v,orT.
Substituting Eq. (12) into Eq. (13) leads to the following conditions for each order of a:

%| B (sin(erx))2 2% f,

. 57 (14)

— . af — .
fol+1 =0; fily1 =+ Sm(Zﬂx)a—;| i faler = F sin(2mx)
+1

+1 +1

where f isu,v,orT.
The zeroth order, a®, represents the solution for @ = 0 which is the case of the parallel-plate channel. Therefore,

€ = 0 due to the unidirectional velocity in the Poiseuille flow. Thus, the known solutions of the Poiseuille flow are
given as follows:

B
U0) = 1-y% vo=0; po() = ~2x; Ty) = (1=y" (15)

where py(x = 0) = 0 is considered at the inlet of the studied period and Ap = 2 is the dimensionless pressure drop across
the period.

The system of equations for the first order, a®, is given by:

ou, 0dv, 0%uy  0%u;  Op, %v, 0%vy op,

T V1 g 28 M (T TP 2 - 16
ox + oy P8 G2 + oy?  ox’ & oxz T8 oy%  ady (16)
9%T, 0°T dug (0u v
2 1 1 _ 0 1 2 1
= —2B —(— —)] 17
0x? + dy? r dy \ dy T dx a7

After the observation of the governing equations and the boundary conditions, while taking into consideration the
periodic conditions, the solutions are sought in the following forms:

uy (x,y) = Uy (y)sin(@mx);  vi(x,y) = Vi(y)cos(Zmx); pi(x,y) = P1(y)cos(2mx); (18)
T1(x,y) = 01(y)sin(2mx)

where Uy, V;, Py, and 0, are unknown functions that are determined by using the first-order governing equations with the
associated boundary conditions.

The forms in Eq. (18) can be justified explicitly by using the periodic conditions to express uq, v4, p1, and T; as
Fourier series. Noting that the cosines and sines are orthogonal, equations of each function can be obtained with
associated boundary conditions. Finally, all the functions are found to be null except those presented in Eq. (18).

Substituting Eq. (18) into Egs. (16) and (17) and after some work done by combining the equations to eliminate
U; (y) and P; (y) from the equation of V; (y), Egs. (16) and (17) become:

d*v, d2v, —1dv, ~1d%U,

e 8m2e? 07 + 16tV (y) = 0; Uy (y) = EE' P(y) = 2 47 + 2me?U, () (19)
d*0, - dU; 5
e —4m“e“0,(y) = 4y Br E —2me“Vi(y) (20)
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Substituting Eq. (18) into Eq. (14) leads to the following conditions for the first order, al:
4
Uhiy=£D)=2 =21 =0 6,(y=%1)= 7Br ey

The system of equations for the second order, a?, is given by:

Oy OV 200U 0%y Opp 0%V ,0%V: Ops 22)
dx  dy 0x? = 0dy? ox 0x? dy? 0y
02T, 9°T. dug\? avi\®  dugy (ou avy\ 10w v
20713 2 1 2 (V1 00Uz 0V 1 1
o) o () e (] e
¢ 8x2+6y2 r[s ox te dy +dy 6y+€ dx +2 6y+‘S ox 23)

Following a similar procedure to that presented for the first order with the observation of Eqgs. (22) and (23) and
conditions, (14), the solutions are sought in the following forms:

Uy (x,¥) = Uz (¥) + Uz1 (¥)cos(dmx); vo(x,y) = Vo(y)sin(4mx); pa(x,y) = Pr(y)sin(4mx); 24)
T, (x,y) = 030(y) + 0,1 (y)cos(4mx)

where U,q, Uzq, Vo, Py, By, and 0,4 are unknown functions that are determined by using the second-order governing

equations with the associated boundary conditions.
Substituting Eq. (24) into Egs. (22) and (23) and after some work similar to that presented for the first order, the

following equations are obtained:

d4V2 3072 ZdZV + 256t 4V( )= 0; dZU = 0; Upy(y) = 1 de
dy4 e eV, (y) = dyz 2aY) = dy )
1 d?Uy, =
P,(y) = i dy? L+ 4t Uy ()
2ot (0] o () Y i -senir )
d*04 2.2 2.2 2,1, LAY Uz 2 40y
_ 1 ,rava\" __(Z=2 26
T 021(y) = —2Br 2m%e?(U1(3))" + 5 & (dy) 2\ 2y 2(») 4(dy) (26)

—neH (R O))’ + 1)

Substituting Eq. (24) into Eq. (14) leads to the following conditions for the second order, a?:

Uyo(y = +1) = 1140 Uyy(y = £1) 1, 1db V,(y = +1) = F1dh
20V = = y Uy =x2l)=—gx5—— o 2y = =To—
2 dy y=t1 27 2dyl,_yy 2dyl, J_rl o7
0, (y=+1)= B Trld@l . 0, (y=+1)= —B 1 146,
20y = 1) = bTr 2 dy y=i1’ 21y =xl) = T_Zdy -

Equations (19)-(20) and (25)-(26) are solved consecutively with the help of symbolic computation as well as for the
determination of the integration constants by solving Eqgs. (21) and (27).
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2.4. Parameter Definitions
The dimensionless flow rate and the Nusselt number are defined respectively as follows:

4 aT
Yu () - %
=yu(x) 28
0 =f u(ey)dy; Nu() = — 252 (28)
Vi) 3€9)
where g—rTl - is the normal derivative of the temperature to the upper wall noting that the Nusselt number at the lower
Y=YulXx
wall is the same as at the upper wall due to the symmetry and T, (x) is the dimensionless bulk temperature. g—rTl - and
Y=YulXx
Ty (x) are respectively given by:
—g? or 4, or Yu (%)
oT 0x Y=yu(x) dx Oy Y=Yu(x) fyz(x) ulx,y) TCx, y)dy
an - * P ) =50 (29)
fyl(x) u(x,y)dy

y=yu(x) dy, 2 dy,, g
\/1+<Eﬁ> \/1+<8W

The derivatives and the integrations of the temperature in Eq. (28) are expanded as Taylor series up to the second
order of a:

oT oT ) 0°T a? (sin(Zrcx))2 T
> =——| +asin2nx)—; 3 +0(a®);
y y=1+a sin(2mx) y y=1 ay y=1 2 ay y=1
2 (30)
oT Yu_, , Tl o in2 0l
x| ' —*2 = 2nta cos(2mx) x| a sin( nx)m (a®)
y=1+a sin(2mx) y=1 y=1

1+a sin(2mx) 1
f , )f(x, y)dy = J fO,y)dy + asin@rx)(f(x,y =1 + f(x,y = —1))
—1-asin(2nx -1
. (31)
+ @ (sin(2m)’ off _of ) +0(a?)
2 ay y=1 ay y=-1

where f(x,y) is u(x,y) or u(x,y) T(x,y) and Eq. (12) is substituted into Eqgs. (30) and (31) then only terms up to a?
remain.

The dimensionless flow rate and the Nusselt number are calculated with the help of symbolic computation. For the
parallel-plate channel (@ = 0), Nu = 17.5 which is the known value of the fully developed Nusselt number with viscous
dissipation [10]. The dimensionless flow rate, after the calculations with the help of symbolic computation, is found as

Q(a, &) = % + a?Q,(¢) + 0(a®) where Q,(¢) = f_ll u, (x, y)dy — 2(sin(27rx))2. It is verified that Q is constant with
negligible quantitative fluctuations.

2.5. Numerical Solution

The numerical solution is obtained by using ANSYS Fluent solver. Python scripting is used to create the geometry
and automate several parts of the simulations [11,12]. The element size used to create the structured mesh in this paper
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is 0.02H. The convergence criterion used in this study is 107 for the continuity and momentum conservation equations and
1072 for the energy equation to get accurate results. Table 1 shows the grid independence test performed for three different
sinusoidal channels (¢ = 0.1; @« = 0.1, = 0.1; a = 0.2, = 0.5; @ = 0.1). The mean square of the relative difference for

111

N ; 2
11 local points equally distanced, x;, of Nu, E = \/ T Li=1 |W -100( , is used to evaluate the changes of Nu in

% as the element size changes, Nu,. The results show that the chosen element size gives a very good precision needed to
validate the asymptotic solution.

Table 1: Grid independence test.

Elementsize/ 02 | 0.1 | 0.04 |0.02
£=0.1; a=0.1]5294]14020.180 | -
E|[e=01; a=02]4885]1243]0223 | -
£=05 a=01]5895]1372[0.186 | -

3. Results and Discussions

Figures 2(a)-(c) show the evolution of the Nusselt number, Nu, as a function of the dimensionless longitudinal
coordinate, x, for e = 0.1; «a = 0.1, e = 0.1; « = 0.2, and ¢ = 0.5; @ = 0.1 with a comparison between the asymptotic
solution and numerical solution. Figures 2(a)-(c) show that the asymptotic and numerical solutions are in good agreement
for e = 0.1; « = 0.1 but as € increases, quantitative differences are observed. Furthermore, as a increases, there are
quantitative differences observed in addition to a change in the behavior of Nu found by using the asymptotic solution. This
is due to the use of Taylor series expansion of the boundary conditions at the walls. Therefore, the presented asymptotic
solution is a solution for an approximated corrugated channel that is close to the exact sinusoidal channel for small a while
it differs slightly as a increases.

(a): €=0.1; a=0.1 (b):e=01;=02 / (c): £=0.5; x=0.1

0 02 04 06 08 1 0 02 04 06 08 1 0 02 04 06 08 1

Numerical solution

Numerical solution

—— Asymptotic solution Numerical solution

Fig. 2: Evolution of the Nusselt number as a function of x with a comparison between asymptotic and numerical solutions.

Table 2 shows that the asymptotic and numerical solutions of Q are in good agreement with very small quantitative
differences for @ = 0.2 or ¢ = 0.5. As can be seen from Figs. 2(a)-(c) and Table 2 the Nusselt number is more sensitive to the
differences between the exact and approximated channel which leads to the change in behavior observed in Fig. 2(b) since
Nusselt number is defined as the derivative of the temperature at the wall as opposed to the dimensionless flow rate which
is defined as an integral over an area of a section.

Table 2: Comparison between asymptotic and numerical solutions of the dimensionless flow rate, Q.

e=01,aa=01|¢=01,a0a=02]|c=05 a=0.1
@ (Numerical solution) 1.287 1.167 1.231
@ (Analytical solution) 1.290 1.161 1.225
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4. Conclusion

A comparison between an asymptotic and numerical solution to the forced convective heat transfer for Stokes flow
viscous dissipation in a two-dimensional sinusoidal channel is presented in this paper. The asymptotic solution is sought
an expansion in terms of the amplitude to half-mean-height ratio up to the second order and determined with the help of
symbolic computation while the numerical solution is obtained by using ANSYS Fluent solver with the integration of
scripting to automate several parts of the simulations. It is found that the asymptotic and numerical solutions are in good
agreement with small quantitative differences as the amplitude to half-mean-height ratio or half-mean-height to
wavelength ratio increases (@ = 0.2 or € = 0.5) noting that as the amplitude to half-mean-height ratio increases a change
in the behavior of the Nusselt number is observed due to its definition at the approximated wall induced from the Taylor
series expansions of the boundary conditions. To get more accurate results for the higher amplitude to half-mean-height
ratios, higher orders can be included in the asymptotic solution. The presented asymptotic solution can be used in the
case of three-dimensional ducts, curved pipes, slip flows, porous mediums, and many more which has several practical
applications in various industrial trends to get analytical solutions that are less time-consuming compared to
Computational Fluid Dynamics simulations.
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