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Abstract- In  this  paper,  a  new  nonlocal two-dimensional  trigonometric  high-order  shear  deformation  theory  (nonlocal-2D  
THSDT)  is  developed  for  free  vibration  response  of  porous  functionally  graded  nanoplates  (FGNPs). There are four variables in 
the present displacement field, and there is no need for a shear correction factor. The mechanical properties vary continuously across 
the thickness of the porous FG nanoplate applying a modified power law function to account for the effect of porosity on the properties.  
Two new and different porosity distribution models are examined, including uniform and non-uniform porosity distributions.  The 
nonlocal strain theory is used to consider the nanoscales, and the Navier method is used to obtain the solution of the equations of 
motion. A comprehensive parametric study is presented to demonstrate the influence of various parameters on the behaviour of porous 
FG nanoplates. 
 
Keywords: nonlocal elasticity theory, trigonometric shear deformation theory, FG porous nanoplates, uneven porosity 
distribution 
 
 
1. Introduction 
       In 1984, a team of Japanese researchers developed a new material known as functionally graded materials (FGMs) in 
order to achieve effective thermal insulation for spacecraft. These materials have many advantages and have been used in 
various fields including the space industry, mechanical and civil engineering, among others. The mechanical, thermal, and 
electrical properties of FGMs change continuously from the lowest material (generally metal) to the upper material 
(ceramic) for at least two materials. 

J.N. Reddy [1] developed a simple high-order shear deformation theory, called third-order shear theory, to study 
the mechanical behavior of laminated plates. In recent years, many studies have been conducted to develop new high-
order shear theories based on Reddy's idea, to investigate the behavior of FG structures. A.M. Zenkour [2] and M. 
Touratier [3] employed a new sinusoidal shear deformation theory to analyze the bending and free vibration of the FG 
plate and isotropic plate, respectively. According to the novel exponential function, Karama et al. [4] studied the 
mechanical behavior of the laminated composite plate. Kenanda et al. [5] developed a new efficient hyperbolic shear 
deformation theory to study the free vibration and the effect of porosities on the structural integrity of functionally 
graded plates. Recently, various researchers have developed new high-order shear deformation theories according to 
several functions, including polynomial, exponential, trigonometric, and many others, to study the behavior of FG 
structures. Some of them are mentioned in the references [6–12].  

Shahsavari et al. [13] employed even and uneven porosity distributions to analyze the influence of porosities on 
the free vibration response of FG plates embedded on Kerr foundations using a simple trigonometric high-order 
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theory. Hygro-thermal stability analysis of porous FG panels was conducted by M. R. Barati and H. Shahverdi [14], 
employing even and uneven porosity distributions. Some researchers, e.g., Fu et al. [15] and Thanh et al. [16], developed 
new distributions based on logarithmic and trigonometric functions to study the effect of porosities on the mechanical 
behavior of FG plates. 

The main objective of this work falls under the promotion of understanding about high-order shear deformation 
theories that describe the distribution of shear stresses, such as the first-order, third-order [1], sinusoidal [2], exponential 
[3], and hyperbolic shear deformation theories [4]. We have developed a new HSDT that is modeled by a trigonometric 
function that does not need a correction factor and gives more effective and accurate results compared to the 3D exact 
solutions. 

The second objective of this research is to study the effect of porosity on structural integrity by presenting two new 
uneven distributions (polynomial and exponential) derived from the most famous and used distributions (even and linear-
uneven) by researchers for the purpose of enriching and enhancing understanding about the effect of porosity with their 
different distributions. 
 
2. Material properties 

A simple supported nanoplate with uniform dimensions (thickness h, length a, and width b) that is made of imperfect 
functionally graded material (i.e., FGM with porosities) as shown in figure 1. The power-law function (P-FGM) serves as 
the foundation for the material properties of FG plate, considering the effect of porosities as follows: 

 
• Perfect functionally graded material: 

 

    Γ(𝑧𝑧) = (Γ𝑐𝑐 − Γ𝑚𝑚) �𝑧𝑧
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• Imperfect functionally graded material (even porosity distribution): 
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• Imperfect functionally graded material (inverse-linear uneven porosity distribution): 
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Where (Γ) stands for the material characteristics, such as mass density, Young’s modulus, and Poisson’s ratio. (N and 𝛽𝛽) 
represent the power-law and porosity indexes, respectively. In this manuscript, two uneven porosity distributions are 
developed based on the equation 3 and can be expressed in the following form: 
 

• Imperfect functionally graded material (inverse-cubic uneven porosity distribution): 
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• Imperfect functionally graded material ( cubic uneven porosity distribution): 
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Fig. 1: The variation of the Young’s modulus in terms of (z/h) for: a) perfect FGM, b) imperfect FGM (inverse-linear 
porosity distribution), c) imperfect FGM (inverse-cubic porosity distribution), and d) imperfect FGM (cubic porosity 
distribution). 
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3. Mathematical formulation  
3.1. Displacement field and strain 

The displacement field in the current analysis contains four variables (𝑢𝑢0, 𝑣𝑣0,𝑤𝑤𝑠𝑠,𝑤𝑤𝑏𝑏) without the need for a 
correction factor. The present displacement field can be expressed as follows: 

 

             

⎩
⎨

⎧ 𝑢𝑢(𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡) = 𝑢𝑢0(𝑥𝑥,𝑦𝑦, 𝑡𝑡) − 𝑧𝑧 𝜕𝜕𝑤𝑤𝑏𝑏
𝜕𝜕𝜕𝜕

− 𝑓𝑓(𝑧𝑧) 𝜕𝜕𝑤𝑤𝑠𝑠
𝜕𝜕𝜕𝜕

𝑣𝑣(𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝑡𝑡) = 𝑣𝑣0(𝑥𝑥,𝑦𝑦, 𝑡𝑡) − 𝑧𝑧 𝜕𝜕𝑤𝑤𝑏𝑏
𝜕𝜕𝜕𝜕

− 𝑓𝑓(𝑧𝑧) 𝜕𝜕𝑤𝑤𝑠𝑠
𝜕𝜕𝜕𝜕

 𝑤𝑤(𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡) = 𝑤𝑤𝑏𝑏(𝑥𝑥,𝑦𝑦, 𝑡𝑡) + 𝑤𝑤𝑠𝑠(𝑥𝑥, 𝑦𝑦, 𝑡𝑡)            

                                                                                            (6a) 

 
In which 
                        𝑓𝑓(𝑧𝑧) = 𝑧𝑧 − 𝜑𝜑(𝑧𝑧)                                                                                                                                      (6b) 
 
Where 𝜑𝜑(𝑧𝑧) is the transverse shear stress distribution through the thickness. In this analysis, we propose a new high-
order shear deformation theory modeled by trigonometric functions in the following forms: 
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+ 𝑧𝑧                                                                       (6c) 

 
The displacement field in Equation (6a) can be employed to calculate the strain field of a porous FG nanoplate as follows: 
 

                    �
𝜀𝜀𝜕𝜕 = 𝜕𝜕𝑢𝑢0

𝜕𝜕𝜕𝜕
− 𝑧𝑧 𝜕𝜕

2𝑤𝑤𝑏𝑏
𝜕𝜕𝜕𝜕2

− 𝑓𝑓(𝑧𝑧) 𝜕𝜕
2𝑤𝑤𝑠𝑠
𝜕𝜕𝜕𝜕2

𝜀𝜀𝜕𝜕 = 𝜕𝜕𝑣𝑣0
𝜕𝜕𝜕𝜕

− 𝑧𝑧 𝜕𝜕
2𝑤𝑤𝑏𝑏
𝜕𝜕𝜕𝜕2

− 𝑓𝑓(𝑧𝑧) 𝜕𝜕
2𝑤𝑤𝑠𝑠
𝜕𝜕𝜕𝜕2

                                                                                                                 (7a) 
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⎪
⎧𝛾𝛾𝜕𝜕𝜕𝜕 = 𝜕𝜕𝑢𝑢0
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𝜕𝜕𝜕𝜕

                                               

𝛾𝛾𝜕𝜕𝑧𝑧 = 𝑔𝑔(𝑧𝑧) 𝜕𝜕𝑤𝑤𝑠𝑠
𝜕𝜕𝜕𝜕

                                               

                                                                                               (7b) 

 
In which  
 
                   𝑔𝑔(𝑧𝑧) = 1 − 𝑑𝑑𝑓𝑓

𝑑𝑑𝑧𝑧
                                                                                                                                                (7c) 

 
To consider the effect of nano-scale dimensions of porous FG plate, the nonlocal elasticity theory [17] is used to express 
the linear stress–strain as: 
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𝐶𝐶44
0
0

    

0
0
0
𝐶𝐶55
0

   

0
0
0
0
𝐶𝐶66⎦

⎥
⎥
⎥
⎤

⎩
⎪
⎨

⎪
⎧
𝜀𝜀𝜕𝜕
𝜀𝜀𝜕𝜕
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⎪
⎬

⎪
⎫

                                                     (8a) 

 
Where (𝑒𝑒0 and 𝑎𝑎) are the material constant and the internal characteristic length, respectively. (𝐶𝐶𝑠𝑠𝑖𝑖) are the elastic constants 
can be obtained as depicted in equation (8b) in the case of two-dimensional analysis. 
 

                   

⎩
⎪
⎨

⎪
⎧𝐶𝐶11 = 𝐶𝐶22 = 𝐸𝐸(𝑧𝑧)

(1−𝜈𝜈2)
                           

𝐶𝐶12 = 𝜈𝜈𝐸𝐸(𝑧𝑧)
(1−𝜈𝜈2)

                                       

𝐶𝐶44 = 𝐶𝐶55 = 𝐶𝐶66 = 𝐺𝐺(𝑧𝑧) = 𝐸𝐸(𝑧𝑧)
2(1+𝜈𝜈)

                                                                                                           (8b) 

 
The equations of motion are deduced based on the Hamilton's principle (equation 9) and are solved using double Fourier 
series (equation 10). 
  
                   ∫ (𝛿𝛿𝐸𝐸𝑠𝑠 − 𝛿𝛿𝐸𝐸𝑘𝑘)𝑑𝑑𝑡𝑡 = 0𝑡𝑡

0                                                                                                                          (9) 
 
 Where (𝛿𝛿𝐸𝐸𝑠𝑠 and 𝛿𝛿𝐸𝐸𝑘𝑘) are the variation of the kinetic energy and strain energy, respectively. 
 

                   

⎩
⎨

⎧
𝑢𝑢0(𝑥𝑥,𝑦𝑦)
𝑣𝑣0(𝑥𝑥,𝑦𝑦)
𝑤𝑤𝑏𝑏(𝑥𝑥,𝑦𝑦)
𝑤𝑤𝑠𝑠(𝑥𝑥, 𝑦𝑦)⎭

⎬

⎫
= ∑ ∑

⎩
⎪
⎨

⎪
⎧ 𝑈𝑈𝑚𝑚𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐(𝜆𝜆𝑥𝑥)𝑐𝑐𝑠𝑠𝑠𝑠(𝜂𝜂𝑦𝑦)𝑒𝑒𝑠𝑠𝑖𝑖𝑡𝑡

𝑉𝑉𝑚𝑚𝑠𝑠𝑐𝑐𝑠𝑠𝑠𝑠(𝜆𝜆𝑥𝑥)𝑐𝑐𝑐𝑐𝑐𝑐(𝜂𝜂𝑦𝑦)𝑒𝑒𝑠𝑠𝑖𝑖𝑡𝑡

𝑊𝑊𝑏𝑏𝑚𝑚𝑠𝑠𝑐𝑐𝑠𝑠𝑠𝑠(𝜆𝜆𝑥𝑥)𝑐𝑐𝑠𝑠𝑠𝑠(𝜂𝜂𝑦𝑦)𝑒𝑒𝑠𝑠𝑖𝑖𝑡𝑡

𝑊𝑊𝑠𝑠𝑚𝑚𝑠𝑠𝑐𝑐𝑠𝑠𝑠𝑠(𝜆𝜆𝑥𝑥)𝑐𝑐𝑠𝑠𝑠𝑠(𝜂𝜂𝑦𝑦)𝑒𝑒𝑠𝑠𝑖𝑖𝑡𝑡⎭
⎪
⎬

⎪
⎫

∞
𝑠𝑠=1

∞
𝑚𝑚=1                                                              (10a) 

 

                                  𝜆𝜆 =  𝑚𝑚𝑚𝑚 𝑎𝑎⁄     ;    𝜂𝜂 = 𝑠𝑠𝑚𝑚 𝑏𝑏⁄                                                                                                    (10b) 
 
Where m and n are the mode numbers. Then the equations of motion are imposed in matricide form as follows: 
 

                   ��

𝑆𝑆11 𝑆𝑆12 𝑆𝑆13 𝑆𝑆14
𝑆𝑆12 𝑆𝑆22 𝑆𝑆23 𝑆𝑆24
𝑆𝑆13
𝑆𝑆14

𝑆𝑆23
𝑆𝑆24

𝑆𝑆33 𝑆𝑆34
𝑆𝑆34 𝑆𝑆44

� − 𝜔𝜔2 �

𝑚𝑚11 𝑚𝑚12 𝑚𝑚13 𝑚𝑚14
𝑚𝑚12 𝑚𝑚22 𝑚𝑚23 𝑚𝑚24
𝑚𝑚13
𝑚𝑚14

𝑚𝑚23
𝑚𝑚24

𝑚𝑚33 𝑚𝑚34
𝑚𝑚34 𝑚𝑚44

���

𝑈𝑈𝑚𝑚𝑠𝑠
𝑉𝑉𝑚𝑚𝑠𝑠
𝑊𝑊𝑏𝑏𝑚𝑚𝑠𝑠
𝑊𝑊𝑠𝑠𝑚𝑚𝑠𝑠

� = �
0
0
0
0

�                               (11a) 

 
The components of the matrice S and m are expressed as follows: 
 
                    𝑆𝑆11 = −𝜆𝜆2(𝐴𝐴11)−𝜂𝜂2(𝐴𝐴44)  
                    𝑆𝑆12 = −𝜂𝜂𝜆𝜆(𝐴𝐴44 + 𝐴𝐴12)  
                    𝑆𝑆13 = 𝜆𝜆[𝜆𝜆2(𝐵𝐵11) + 𝜂𝜂2(𝐵𝐵12 + 2𝐵𝐵44)]  
                    𝑆𝑆14 = 𝜆𝜆[𝜆𝜆2(𝐸𝐸11) + 𝜂𝜂2(𝐸𝐸12 + 2𝐸𝐸44)]                                                       
                    𝑆𝑆22 = −𝜆𝜆2(𝐴𝐴44)−𝜂𝜂2(𝐴𝐴22)  
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                    𝑆𝑆23 = 𝜂𝜂[𝜂𝜂2(𝐵𝐵22) + 𝜆𝜆2(𝐵𝐵12 + 2𝐵𝐵44)]                                                                                                      (11b) 
                    𝑆𝑆24 = 𝜂𝜂[𝜂𝜂2(𝐸𝐸22) + 𝜆𝜆2(𝐸𝐸12 + 2𝐸𝐸44)]  
                    𝑆𝑆33 = −[𝜆𝜆4(𝐷𝐷11) + 2(𝐷𝐷12 + 2𝐷𝐷44)𝜆𝜆2𝜂𝜂2 + 𝜂𝜂4𝐷𝐷22]  
                    𝑆𝑆34 = −[𝜆𝜆4(𝐹𝐹11) + 2(𝐹𝐹12 + 2𝐹𝐹44)𝜆𝜆2𝜂𝜂2 + 𝜂𝜂4𝐹𝐹22]  
                    𝑆𝑆44 = −�𝜆𝜆4(𝐺𝐺11) + �2(𝐺𝐺12 + 2𝐺𝐺44)�𝜆𝜆2𝜂𝜂2 + 𝜂𝜂4𝐺𝐺22 + (𝐾𝐾55)𝜆𝜆2 + (𝐾𝐾44)𝜂𝜂2�  
  
                    𝑚𝑚11 = −𝐷𝐷0𝐿𝐿;         𝑚𝑚12 = 0;         𝑚𝑚13 = 𝜆𝜆𝐷𝐷1𝐿𝐿;         𝑚𝑚14 = 𝜆𝜆𝐷𝐷2𝐿𝐿  
                    𝑚𝑚22 = −𝐷𝐷0𝐿𝐿;         𝑚𝑚23 = 𝜂𝜂𝐷𝐷1𝐿𝐿;     𝑚𝑚24 = 𝜂𝜂𝐷𝐷2𝐿𝐿   
                    𝑚𝑚33 = −𝐿𝐿�𝐷𝐷0 + 𝐷𝐷2(𝜆𝜆2 + 𝜂𝜂2)�;     𝑚𝑚34 = −𝐿𝐿�𝐷𝐷0 + 𝐷𝐷4(𝜆𝜆2 + 𝜂𝜂2)�                                               (11c) 
                    𝑚𝑚44 = −𝐿𝐿�𝐷𝐷0 + 𝐷𝐷5(𝜆𝜆2 + 𝜂𝜂2)�  
                     𝐿𝐿 = [1 + 𝜇𝜇2(𝜆𝜆2 + 𝜂𝜂2)]  
                     𝜇𝜇 =  𝑒𝑒0𝑎𝑎 
 
The stiffness components (𝐴𝐴𝑠𝑠𝑖𝑖 ,𝐵𝐵𝑠𝑠𝑖𝑖,𝐷𝐷𝑠𝑠𝑖𝑖 ,𝐸𝐸𝑠𝑠𝑖𝑖,𝐹𝐹𝑠𝑠𝑖𝑖,𝐺𝐺𝑠𝑠𝑖𝑖,𝐾𝐾𝑠𝑠𝑖𝑖) are defined below: 
 

          

⎩
⎨

⎧
𝐴𝐴11 𝐵𝐵11 𝐷𝐷11 𝐸𝐸11 𝐹𝐹11 𝐺𝐺11
𝐴𝐴22 𝐵𝐵22 𝐷𝐷22 𝐸𝐸22 𝐹𝐹22 𝐺𝐺22
𝐴𝐴12
𝐴𝐴44

𝐵𝐵12
𝐵𝐵44

𝐷𝐷12 𝐸𝐸12 𝐹𝐹12 𝐺𝐺12
𝐷𝐷44 𝐸𝐸44 𝐹𝐹44 𝐺𝐺44⎭

⎬

⎫
= ∫ 𝐶𝐶11

ℎ 2⁄
−ℎ 2⁄ {1, z, z2, 𝑓𝑓(𝑧𝑧), 𝑧𝑧𝑓𝑓(𝑧𝑧),𝑓𝑓2(z) }�

1
1
𝜈𝜈
1−𝜈𝜈
2

�𝑑𝑑𝑧𝑧                   (12a) 

 
                         𝐾𝐾44 = 𝐾𝐾55 = ∫ 𝐶𝐶44

ℎ 2⁄
−ℎ 2⁄ (𝑔𝑔(𝑧𝑧))2𝑑𝑑𝑧𝑧                                                                                            (12b) 

                                         
                    𝐷𝐷𝑠𝑠 = ∫ 𝜌𝜌(𝑧𝑧)(1, 𝑧𝑧, 𝑓𝑓(𝑧𝑧), 𝑧𝑧2, 𝑧𝑧𝑓𝑓(𝑧𝑧), (𝑓𝑓(𝑧𝑧))2)ℎ 2⁄

−ℎ 2⁄ 𝑑𝑑𝑧𝑧        𝑠𝑠 = 0,5                                                     (12c) 
 
3. Results and discussion 
       In this part, we devote ourselves to comparing the current exponential-trigonometric shear theory with several 
reference theories to prove its validity and effectiveness. Simultaneously, we aim to study the effect of porosities on the 
behavior of the porous FG plate. The mechanical properties used in this part are illustrated in the table1. 
 

Table 1: The mechanical properties of the present porous functionally graded plate. 
Mechanical 
properties 

Metal (AL)  Ceramic (𝑨𝑨𝑨𝑨𝟐𝟐𝑶𝑶𝟑𝟑) 

𝐸𝐸 (𝐺𝐺𝐺𝐺𝑎𝑎) 70 380 
𝜈𝜈 0.3 0.3 

𝜌𝜌 (𝐾𝐾𝑔𝑔/𝑚𝑚3) 2702 3800 
 
 
In the table 2, the first non-dimensional frequencies for three values of the ratios a/h = 5, 10, and 20, and five values of 
power-law index N = 0, 0.5, 1, 4, and 10. Our results obtained by using the current HSDT are compared to the results of the 
first-order shear theory obtained by Hosseini-Hashemi et al. [18], high-order shear theories obtained by the references [19, 
20]. The results of our current theory are largely consistent with the results of reference theories [18-20]. 
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Moreover, we can see from the results of the Table 2 that the frequencies decrease with the increase of the power-law 
index N and the ratios a/h. 
 

Table 2: The first non-dimensional frequencies (𝜔𝜔� =  𝜔𝜔ℎ�𝜌𝜌𝑐𝑐 𝐸𝐸𝑐𝑐⁄ ) for various values of the ratios a/h and power-law index N. 
a/h Theories Power law index N 

0 0.5 1 4 10 
5 FSDT [18] 0.2112 0.1805 0.1631 0.1397 0.1324 

HSDT [19] 0.2113 0.1807 0.1631 0.1378 0.1301 
HSDT [20] 0.2113 0.1807 0.1631 0.1377 0.1300 

Present 0.2113 0.1807 0.1631 0.1378 0.1300 
10 FSDT [18] 0.0577 0.0490 0.0442 0.0382 0.0366 

HSDT [19] 0.0577 0.0490 0.0442 0.0381 0.0364 
HSDT [20] 0.0577 0.0490 0.0442 0.0381 0.0364 

Present 0.0577 0.0490 0.0442 0.0381 0.0364 
20 FSDT [18] 0.0148 0.0125 0.0113 0.0098 0.0094 

HSDT [19] 0.0148 0.0125 0.0113 0.0098 0.0094 
HSDT [20] 0.0148 0.0125 0.0113 0.0098 0.0094 

Present 0.0148 0.0125 0.0113 0.0098 0.0094 
 

 
Fig. 2: The effect of nano-scales (𝜇𝜇2) on the non-dimensional frequencies (𝜔𝜔� = 𝜔𝜔ℎ�𝜌𝜌 𝐺𝐺⁄ ) of square and rectangular 
isotropic nano-plates.  
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Table 3: The effect of porosities on the non-dimensional frequencies (𝜔𝜔� =  𝜔𝜔ℎ�𝜌𝜌𝑐𝑐 𝐸𝐸𝑐𝑐⁄ ) of FG plates for three uneven porosity 
distributions (inverse-linear, inverse-cubic, and cubic) at (a/h = 10, N = 2, and 𝜇𝜇2 = 0). 

 
Uneven Porosity 

Distribution 
Porosity index β 

𝛽𝛽 = 0 𝛽𝛽 = 0.2 𝛽𝛽 = 0.4 
Inverse-linear UPD 0.04009 0.03961 0.03858 
Inverse-cubic UPD 0.04009 0.03836 0.03413 

cubic UPD 0.04009 0.37574 0.34404 
 

The figure 2 presents the effect of nano-scales (𝜇𝜇2) on the non-dimensional frequencies (𝜔𝜔� = 𝜔𝜔ℎ�𝜌𝜌 𝐺𝐺⁄ ) of square and 
rectangular isotropic nano-plates. It is noted from Figure 2 that an increase in the value of 𝜇𝜇2 leads to a decrease in 
frequencies, and the frequencies of the square FG plate are greater than those of the rectangular FG plate. The effect of the 
three porosity distributions on the frequencies is clear in Table 3, where the porosities lead to a decrease in frequencies for 
all distributions. 
 
4. Conclusion 

The present theory describes the distribution of shear stress by employing a novel exponential-trigonometric function 
that eliminates the need for a shear correction factor. This theory also satisfies the zero traction boundary conditions on 
both the top and bottom surfaces of the porous FG nano-plate. The displacement field of the 2D exponential-trigonometric 
shear deformation theory encompasses only four variables. In comparison to other shear deformation theories, the 
proposed hyperbolic theory is more comprehensive and accurately represents the transverse shear stress. Consequently, it 
yields superior results in describing the mechanical behavior of FG plates. Furthermore, the current exponential-
trigonometric function can be employed as a refined theory without any modifications. This is attributed to its segmented 
form, similar to the third-order shear deformation theory. The eigenvalue problem of the advanced shear deformation 
theory is solved using Navier's solution approach.  
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