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Abstract - This paper presents an improvement to the technique that we previously proposed to estimate the 

positions of 3-D images that users see. Applications in which users’ bodies interact with 3-D images require such 

estimates to execute interactions when bodies are at the positions of 3-D images that users see. Although the 

previously proposed technique, which estimated positions by fitting the velocity of reaching movements into a 

Gaussian function, was able to meet this requirement, the accuracy and precision of estimates were insufficient in 

practical use. The improvement that is proposed in this study is to use a function of the chi-squared distribution 

instead of a Gaussian function. The improved technique was evaluated by comparing its accuracy and precision of 

estimates with those of the previously proposed technique. The results obtained from the evaluation demonstrated 

that the improved technique could more accurately and precisely estimate positions than the previously proposed 

technique. 
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1. Introduction 
Applications in which users’ bodies interact with 3-D images are attractive applications of 3-D 

displays. For example, users in interactive applications of on-line shopping can touch and take hold of 3-

D images of products, which are seen as floating above the screens, with their own hands, and can feel as 

if they were touching and grasping actual products. Users in interactive applications in training for 

precision work can pick or cut 3-D images of objects with actual tools that they are handling, and can feel 

as if they were picking or cutting actual objects. In fact, many researchers have studied such interactive 

applications. Thus, interactive applications need to be provided to enable practical use in the near future. 

Interactive applications require the positions of 3-D images that users see to be estimated and 

interactions to be executed when their bodies are there because they naturally expect that. Such 

phenomena that are inconsistent with users’ expectations strongly reduce the usability of interactive 

applications. Thus, techniques to meet this requirement are crucial to provide interactive applications for 

practical use. 

We previously proposed and evaluated a new technique that met this requirement (Suzuki et al. 2009; 

Uehira et al., 2010); however, the accuracy and precision of estimating the positions of 3-D images that 

users saw were insufficient for practical use. The acceptable error range that we considered to be the goal 

for practical use was between about –1 cm and +1 cm. The results obtained from the previous evaluation 

indicated that the mean error range was between about –2 cm and +2 cm (Suzuki et al. 2009, 2012; 

Takazawa et al., 2011; Uehira et al., 2010; Unno et al., 2012). Thus, improvement to the proposed 

technique was necessary to provide interactive applications for practical use. 
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We propose and evaluated an improvement to the previously proposed technique to more accurately 

and precisely estimate the positions of 3-D images that uses see. The previously proposed technique is 

described in Section 2. The improved technique is proposed in Section 3, and its evaluation is described 

in Sections 4 and 5. The conclusion is presented in Section 6. 

 

2. Previously Proposed Technique 
We previously proposed a technique that executed interactions when users’ bodies were at the 

positions of 3-D images that were estimated based on human body movements (Suzuki et al. 2009; Uehira 

et al., 2010). The underlying principle of the proposed technique is as follows. According to previous 

research on human body movements, the velocity of a reaching movement, which is the basic movement 

when users interact with objects, as a function of time approximates to a bell curve. Therefore, the 

velocity of a reaching movement as a function of time in the proposed technique is fitted into a Gaussian 

function, which is the well-known bell curve (Uehira et al., 2010): 
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where v is the velocity of the reaching movement, t is time, and p1, p2, p3, and p4 are parameters for 

fitting. The p2 is the area of the fitted Gaussian function, i.e., the distance between the starting and 

finishing positions of the reaching movement. The object that a user is reaching out to exists at the 

finishing position of the reaching movement; therefore, the positions of 3-D images that users see can be 

estimated by using this parameter when users reach out to the images. Our previous evaluations 

demonstrated that such estimates could be completed before reaching movements had finished, and that 

interactions could be executed at exactly the time when users’ hands were at the estimated positions. 

Thus, the proposed technique can meet the requirement that was previously described. 

However, the previously proposed technique was insufficient for practical use because of its error 

range in estimating the positions of 3-D images that users see. We considered an error range between 

about –1 cm and +1 cm to be acceptable for practical use. Our previous evaluations indicated that the 

mean error range was between about –2 cm and +2 cm (Suzuki et al. 2009, 2012; Takazawa et al., 2011; 

Uehira et al., 2010; Unno et al., 2012). Although this range was close to the range that we considered as a 

goal in practical use, the difference between the ranges is too large to disregard it. Thus, the previously 

proposed technique is unacceptable for practical use without any improvements being made to it. 

 

3. Improved Technique 
According to previous studies on human body movements, reaching movements consist of a bullet 

movement and a corrective movement. The bullet movement occurs first on the basis of a feedforward 

mechanism, and most reaching movements are this kind of movement. The corrective movement occurs 

when the hands are close to objects. A visual feedback mechanism underlies this movement. These two 

movements are crucial to reach out to objects as rapidly and correctly as possible. 

We assumed that the unacceptable error range in the previously proposed technique was due to the 

corrective movement. As previously described, the previously proposed technique estimated positions by 

fitting the velocity of a reaching movement into a Gaussian function. Such estimates were only based on 

the bullet movement because a symmetrical bell curve such as a Gaussian function is only able to 

describe the velocity of movement that occurred on the basis of a feedforward mechanism. Therefore, it is 

no wonder that the corrective movement caused the unacceptable error range because a Gaussian function 

was not able to describe the velocity of movement that occurred on the basis of a visual feedback 

mechanism. 

We also assumed that we could achieve an acceptable error range by using estimates not only based 

on the bullet movement but also the corrective movement. According to previous studies on reaching 

movements, the velocity of reaching movements in which the corrective movement clearly appears 

follows a bell curve with a long tail. Therefore, we can estimate positions based on both the bullet and 

corrective movements by fitting the velocity of reaching movements into a long-tailed bell curve. 
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Based on these assumptions, we propose an improvement to the previously proposed technique by 

using a function of the chi-squared distribution, which is a long-tailed bell curve, instead of a Gaussian 

function: 
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where v is the velocity of the reaching movement, t is time, p1, p2, p3, p4, and p5 are parameters for fitting, 

and  is the gamma function. The length of the tail depends on p1. The integrated value for the fitted 

function is the distance between the starting and finishing positions of the reaching movement; therefore, 

the positions of 3-D images that users see can be estimated by using this value. Thus, this improvement 

enables us to estimate positions based on both the bullet and corrective movements. 

We also propose using the improved technique only under conditions where the velocity of reaching 

movements fits into a function of the chi-squared distribution better than a Gaussian function. When a 

Gaussian function is better than a function of the chi-squared distribution, the previously proposed 

technique is used. Thus, either the improved technique or the previously proposed technique is used under 

conditions that are most suitable for either of them. 

 

4. Methodology of Evaluation 
The improved technique that was previously described was evaluated by comparing its error range 

with that of the previously proposed technique under conditions where the improved technique was used. 

The absolute value of error, which indicates the error range, is computed as: 
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where Eabsolute is the absolute value of error, Pestimated is the position of a 3-D image that is estimated with 

the improved technique or the previously proposed technique, and Pactual is the position of a 3-D image 

that a user sees. When the absolute value of error with the improved technique is smaller than that with 

the previously proposed technique, we can conclude that the improved technique is better than the 

previously proposed technique. 

The data that were collected in our previous experiment (Suzuki et al., 2012; Takazawa et al., 2011) 

were used to compute the absolute value of error. Five participants in this experiment reached out to 3-D 

images whose positions were defined by binocular disparity and were 40 cm from them, and the positions 

of their hands were measured during reaching movements. The data from the beginning of a reaching 

movement to the time when the velocity of the reaching movement decreased into a quarter of the peak 

velocity were used to compute the statistic that indicated the degree of fitting into a function of the chi-

squared distribution or a Gaussian function. When the statistic of a function of the chi-squared 

distribution was better than that of a Gaussian function, the data were also used to compute the positions 

of 3-D images that were estimated using the improved technique or the previously proposed technique. 

Equation (2) was used to estimate positions with the improved technique, and Eq. (1) was used to 

estimate them with the previously proposed technique. The data when participants finished making 

reaching movements were used to compute the positions of 3-D images that the participants saw. The 

absolute value of error was computed for each trial. 

 

5. Results and Discussion 
We computed the mean value and standard error of the absolute value of error and have summarized 

them in Fig. 1. We also conducted a t-test, and found significant differences at the 5% level (t(5) = 2.669, p 

< .05). These results indicate that the absolute value of error for the improved technique was smaller than 

that for the previously proposed technique. 
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Fig. 1. Mean value and standard error of absolute value of error. 

 

We demonstrated that we could reduce the error range by using the improved technique. However, 

we need to reduce it more for practical use because the error range of the improved technique, which was 

between about –1.4 cm and +1.4 cm, was larger than the acceptable error range. We assume that we can 

reduce the error range by using another function that is better than a function of the chi-distribution to fit 

the velocity of reaching movements into. We will examine this assumption in the near future. 

 

6. Conclusion 
We proposed and evaluated an improvement to the technique that we previously proposed to estimate 

the positions of 3-D images that users see. The positions of 3-D images that users see in the improved 

technique were estimated by fitting the velocity of a reaching movement into a function of the chi-squared 

distribution instead of a Gaussian function in the previously proposed technique. The error range of the 

improved technique was compared with that of the previously proposed technique, and the former was 

smaller than the latter under conditions that a function of the chi-squared distribution was better than a 

Gaussian function to fit the velocity of the reaching movement into. We demonstrated that the improved 

technique could more accurately and precisely estimate positions than the previously proposed technique. 
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