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Abstract – We analyze the effect of particle-to-particle collision on the heat transfer in a temporally evolving thermal mixing 
layer which develops between two isothermal regions in a homogeneous and isotropic turbulent flow. Eulerian-Lagrangian Direct 
Numerical Simulations in the two-way coupling regime are carried out in a wide range of particle Stokes number, from 0.2 to 3, 
with a thermal Stokes-number-to-Stokes-number ratio equal to 4.43, at a Taylor microscale Reynolds number up to 124. We quantify 
how much particle collisions tend to reduce the average heat transfer with respect to a collisionless regime and show that the overall 
effect is minor even at the higher Stokes number simulated.
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1. Introduction
Particle-laden turbulent flows are ubiquitous, as they can be found in a wide range of applications such as, for example,

liquid fuel combustion, warm rain formation, dispersion of pollutants in atmosphere, and the coexistence of plankton species
and plastic particle agglomeration in oceans, which have kept it an active area of research in many scientific disciplines
for decades. Although this complex problem has been being experimentally investigated in the context of turbulence, direct
numerical simulations(DNSs) have been always an important tool to obtain detailed results on features which cannot be directly
measured, primarily due to the difficulties in Lagrangian measurements. Moreover, they allow to focus on some physical
aspects only of the complex problem. However, DNSs are limited to relatively low to medium Reynolds numbers due to the
need for huge computational resources. Particle-fluid thermal interaction has been studied in many papers, mainly within
the point–particle approach valid for small sub-Kolmogorov particles, mainly in channel flows [1–3] and in homogeneous
turbulence [4–6]. In a few recent works we have studied the fluid-particle thermal interaction in time-evolving shearless
thermal mixing layer which is generated by the interaction between two fluid regions with different temperatures. This basic
configuration is also apt to be used as benchmark for turbulence models. Both one-way and two-way coupling regimes have
been considered [7, 8] in a collisionless suspension. The effect of particle inertia and Reynolds number have been discussed.

Collisions between particles have important effect on the heat transfer in fluidized beds, because heavy particles cross the
wall layer bringing heat to/from the wall to the core region of the pipe. However, in these applications volume fractions are
much higher, of the order of 10−2, and beyond the limit of two-way coupling between point particles [9]. There are only just a
few theoretical work which consider collisions, as [10] who analytically studies the heat transferred between particles during
an elastic collision. Normally, the effect of collisions is not taken into account when dealing with heat transfer by particles,
even if inter-particle collisions become more frequent as the volume fraction increases. The effect of particle-particle collision
on temperature statistics has been studied by Carbone et al. [5] in homogeneous and isotropic turbulence in the one-way
coupling regime, finding a minor effect on small-scale temperature statistics. However, collisions have the dynamical effect
to decelerate small particles while accelerating large particles, thus producing an enhanced velocity scattering. In presence
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of a strong temperature gradient, that may affect their ability to carry enthalpy over long distances, which is the phenomenon
through which particles enhance the heat transfer with respect to an unseeded flow [8] .

Therefore, to investigate the effect of inter-particle collisions on the heat transfer and on fluid-particle correlations, we
extend our previous works, by considering the effect of collisions on the heat transfer in the simplest inhomogeneous flow
configuration, where heat is transferred between two regions at different temperatures by a statistically homogeneous and
isotropic velocity field. The imposed initial temperature difference correlates temperature and velocities in the mixing layer
which develops at the boundary between the two isothermal regions. The results are compared with the collisionless regime
in the same overall flow configuration [8].

The content of the paper is as follows. The physical model and numerical methods employed to simulate the collisional
turbulent gas-solid flow are described in section 2 in detail. Results from direct numerical simulations are discussed in section
3. This includes a comparison between the Nusselt number variation in terms of Stokes number and Taylor micro-scale
Reynolds number for collisional and collisionless flow regimes. Main conclusions are briefly summarized in section 4.

2. Methodology
2.1. Governing equations

We present the mathematical model of the dynamics of a non isothermal incompressible flow seeded with particles in an
Eulerian-Lagrangian approach, where the continuous fluid phase is distinguished by the discrete particle phase. Temperature
variations are assumed to be small enough not to produce relevant density changes so that the fluid temperature can be
represented as an advected passive scalar. Therefore, the fluid phase is described by the following system,

𝜕𝑢𝑖
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= 0, (1)
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Here 𝒖(𝑥, 𝑡), 𝑇 (𝑥, 𝑡), and 𝑝(𝑥, 𝑡) are fluid velocity, temperature and pressure fields, while 𝜌0, 𝑐𝑝0, 𝜈, and 𝜅 stand for the
(constant) fluid density,isobaric specific heat capacity, kinematic viscosity and thermal diffusivity. Moreover, 𝒇𝑢 is a body
force introduced to keep turbulent fluctuations in a statistically steady state, and 𝐶𝑇 is the heat exchanged per unit time and
unit mass with particles, i.e. particle thermal back reaction on the flow. Similar to previous works (e.g. [5, 6, 8]), we do
not consider the force exerted by particles on the fluid: only fluid temperature field is two-way coupled with particles, and
momentum exchange occurs only under one-way coupling regime. This assumption yields in a dilute regime and in our
problem because it has been found that momentum feedback has a minor thermal effect on fluid temperature statistics [5].

Particles are assumed to be spheres of radius 𝑅 much smaller than the Kolmogorov length-scale, so that they can be
regarded as material points, and to have a mass density much higher than the fluid density, so that only Stokes drag force is
retained in the Maxey–Riley equation for the motion of small particles in a fluid [11]. An analogous equation for the particle
temperature can be written under the same hypothesis, so that the dynamics of each particle is governed by the following
equations

d2𝑥𝑝,𝑖

d 𝑡2
=

d𝑣𝑝,𝑖
d 𝑡

=
𝑢𝑖 (𝑡, 𝑥𝑝,𝑖) − 𝑣𝑝,𝑖

𝜏𝑣
, (4)

d𝜗𝑝

d 𝑡
=
𝑇 (𝑡, 𝑥𝑝,𝑖) − 𝜗𝑝

𝜏𝜗
, (5)

where 𝒙𝑝 (𝑡), 𝒗𝑝 (𝑡), and 𝜗𝑝 (𝑡) are position, velocity and temperature of the 𝑝-th particle, respectively. Here 𝜏𝑣 and 𝜏𝜗 are the
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Table 1: Dimensionless flow parameters.
Simulation I II III

Taylor microscale Reynolds number Re𝜆 56 86 124
Taylor microscale 𝜆 0.226 0.29 0.35
Integral length scale ℓ 0.40 0.74 0.94
Root mean square of velocity fluctuations 𝑢′ 0.59 0.71 0.85
Forced wavenumber 𝑘 𝑓 5

√
6

√
3

Prandtl number Pr 0.71 0.71 0.71
mean turbulent kinetic energy dissipation rate 𝜀 0.25 0.25 0.25
Kolmogorov length scale 𝜂 0.0153 0.0153 0.0153
Kolmogorov time scale 𝜏𝜂 0.098 0.098 0.098
Particle volume fraction 𝜑 4 × 10−4

Density ratio 𝜌𝑝/𝜌0 103

Stokes number ratio St𝜗/St 4.43
Stokes number St 0.2 ; 0.3 ; 0.5 ; 0.7 ; 0.8 ; 0.9 ; 1 ; 1.2 ; 1.5 ; 2 ; 2.5 ; 3

momentum and thermal relaxation times, given by

𝜏𝑣 =
2
9
𝜌𝑝

𝜌0

𝑅2

𝜈
, 𝜏𝜗 =

1
3
𝜌𝑝𝑐𝑝𝑝

𝜌0𝑐𝑝0

𝑅2

𝜅
, (6)

where 𝜌𝑝, and 𝑐𝑝𝑝 denote particle density and specific heat at constant pressure. Any direct particle-particle interaction,
except collisions, is excluded. Therefore, the particle thermal feedback per unit time and unit volume is given by

𝐶𝑇 (𝑥𝑖 , 𝑡) =
4
3
𝜋𝑅3𝜌𝑝𝑐𝑝𝑝

𝑁𝑝∑︁
𝑝=1

d𝜗𝑝 (𝑡)
d𝑡

𝛿(𝑥𝑖 − 𝑥𝑝,𝑖). (7)

2.2. Flow configuration and numerical method
We consider the heat transfer between two homogeneous regions with different temperatures 𝑇1 and 𝑇2 < 𝑇1 in a

homogeneous and isotropic velocity field. Therefore, we solve the governing equations of sec.2.1 in a parallelepiped domain
with sizes 𝐿1 = 𝐿2 and 𝐿3 = 2𝐿1 in directions 𝑥1, 𝑥2 and 𝑥3. The initial temperature is set equal to 𝑇1 in the 𝑥3 < 𝐿3/2
half-domain and equal to 𝑇2 in the 𝑥3 > 𝐿3/2 half-domain. Periodic boundary conditions on all faces are used for velocity,
while temperature is decomposed in a mean linear field and a fluctuating part as in [8], so that periodic boundary conditions
can be applied to the latter part. Particles which exit the domain reenter at the opposite side.

The equations are made dimensionless by using the shorter size of the domain 𝐿1 over 2𝜋 as a length scale, a velocity
scale derived from the imposed kinetic energy dissipation 𝜀, and the temperature difference 𝑇1 − 𝑇2 as a temperature scale
[8]. Results will be presented by using the Taylor-microscale as reference length, which is more dynamically significant.
Therefore, in dimensionless form, the flow is governed by the Reynolds number Re = 𝑢′𝜆/𝜈, the Prandtl number Pr = 𝜈/𝜅
and by the particle-to-fluid heat capacity ratio 𝜑𝜗 = 𝜑(𝜌𝑝𝑐𝑝𝑝)/(𝜌0𝑐𝑝0), where 𝜑 is the particle volume fraction. Particle
dynamics is governed by the ratio between their relaxation times and the flow timescales, which define the Stokes numbers.
Since particles respond to local fluctuations of fluid state, the Kolmogorov timescale 𝜏𝜂 = (𝜈/𝜀)1/2 is normally used instead
of the large-scale time used in the adimensionalization, so that their dynamics can be described in terms of the Stokes number
St = 𝜏𝑣/𝜏𝜂 and the thermal Stokes number St𝜗 = 𝜏𝜗/𝜏𝜂 . All the flow parameters are indicated in table 1.

A fully dealiased (3/2-rule) pseudospectral method is used for the spatial discretization of the fluid phase equations (1–3).
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In the Fourier space the forcing 𝒇 has the following form

𝑓𝑢,𝑖 (𝑡, 𝜿) = 𝜀
𝑢𝑖 (𝑡, 𝜿)∑

| |𝜿 | |=𝜅 𝑓 | |𝑢𝑖 (𝑡, 𝜿) | |2
𝛿( | |𝜿 | | − 𝜅 𝑓 ), (8)

where 𝜀 is the imposed energy dissipation and 𝜅 𝑓 is the forced wavenumber. A recent new numerical method [12, 13], based
on inverse and forward non-uniform fast Fourier transforms with a fourth-order B-spline basis, has been used to interpolate
fluid velocity and temperature at particle positions and to compute particle feedback. Both carrier flow (1–3) and particles
4–5) equations are integrated in time by means of a second order exponential integrator.

2.3. Inter-particle collision model
In this work we consider only elastic binary collisions, which occur when the distance between the centres of two particles

is equal to their diameter. Elastic collisions are introduced in the numerical simulation after each time step by means of a
first order particle trajectory reconstruction. This yields to the following equation for the collision between the 𝑝-th and 𝑞-th
particle in a time step, 𝑡 ∈ [𝑡𝑛, 𝑡𝑛+1),

| | (1 − 𝑡) (𝒙𝑝 (𝑡𝑛) − (𝒙𝑞 (𝑡𝑛)) + 𝑡 (𝒙𝑝 (𝑡𝑛+1) − (𝒙𝑞 (𝑡𝑛+1)) | | = 2𝑟𝑝, (9)

where 𝑡 = (𝑡 − 𝑡𝑛)/Δ𝑡. A collision occurs when a real solution of (9) exists for 𝑡 ∈ [0, 1). In such a case, the positions
and velocities of the colliding particles at the end of the time step are assumed that ones obtained from momentum and
energy conservation, i.e. they move with the velocity achieved after the collision for the remaining part of the time step. It
is assumed that no heat transfer occurs between colliding particle at impact event and no direct hydrodynamic interaction
except inter-particle collisions, is taken into account [14]. From a computational standpoint, direct collision detection is highly
time-consuming and is not affordable for a large number of particle 𝑁𝑝, because order 𝑂 (𝑁𝑝

2) numerical operations would
be needed. Thus, grouping the particles within small boxes and looking for particle inside each box [14] is employed, which
is a more practical and computationally affordable approach. In this method, the effect of the box boundaries can be removed
by shifting the boxes and repeating the algorithm.

3. Results
We present a comparison between the heat transfer in presence of particles in the collisional and collisionless regimes.

All simulations have been carried out within the thermal two-way coupling regime and the thermal Stokes number to Stokes
number ratio has been kept constant and equal to 4,43. A visualization of the particles and their temperature is shown in figure
1: particles, advected by the flow, move across the plane initially separating the two regions at different temperatures, being
heated or cooled in the process. This flow configuration produces a self-similar stage of evolution, where all the flow and
particles statistics collapse when rescaled with the mixing layer thickness 𝛿, which can be defined as (𝑇1−𝑇2)/max{|𝜕𝑇/𝜕𝑥3 |}
[7, 8] and shows an almost diffusive time growth. This stage is achieved after a few eddy turnover times 𝜏 = ℓ/𝑢′, during which
a high temperature variance region develops in the thermally inhomogeneous region. In this stage of evolution, the particle
to fluid temperature variance ratio remains constant. One can observe that collisions tend to slightly reduce the variance of
particle temperature with respect to the fluid one, as shown in figure 2, especially at larger Stokes numbers.

Figure 3 shows the most important result, that is the correlation between velocity and temperature fluctuations, which are
proportional to the mean heat transfer between the two regions at a different temperature. Indeed, the mean heat transfer in
the inhomogenenous direction 𝑥3 is given by

¤𝑞 = −𝜆𝜕⟨𝑇⟩
𝜕𝑥3

+ 𝜌0𝑐𝑝0⟨𝑢′3𝑇
′⟩ + 𝜑𝜌𝑝𝑐𝑝𝑝 ⟨𝑣′3𝜗

′⟩ (10)

where the first term is the diffusive heat transfer, the second one is the carrier flow convection, and the last one is the particle
contribution. By using standard dimensional analysis, it can be written in terms of the Nusselt number, defined as the heat flux
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Figure 1: Visualization of particles at 𝑡/𝜏 = 3, 𝜏 = ℓ/𝑢′ in a small slab around a (𝑥1, 𝑥3) plane. Particles, out of scale, are
colored according to their temperature, the red colour corresponds to the maximum temperature in the domain, and the blue
colour to the lowest temperature. The upper row shows particles in the collisional regime, while the lower row shows particles
in the collisionless regime.

normalized by the heat transfer in a static, non-moving system. In this flow, the mixing layer thickness 𝛿 is the only relevant
length-scale, so that Nu = ¤𝑞/[𝜆(𝑇1 − 𝑇2)/𝛿]. Dimensional analysis gives

Nu = Nu(Re𝜆, Pr, 𝜑𝜗 , St, St𝜗)

where Re𝜆 is the Reynolds number, Pr is the fluid Prandtl number, 𝜑𝜗 = 𝜑(𝜌𝑝𝑐𝑝𝑝)/(𝜌0𝑐𝑝0) is the particle-to-fluid heat
capacity ratio, St and St𝜗 are the Stokes and thermal Stokes numbers, i.e. the rations between the particle momentum and
thermal relaxation times and the Kolmogorov microscale, St = 𝜏𝑣/𝜏𝜂 , St𝜗 = 𝜏𝜗/𝜏𝜂 . The Stokes and thermal Stokes numbers
quantify particle inertia in dimensionless form. From (10), Nu can be decomposed in the flow and particle convection, i.e.
Nu = 1 + Nu𝑐 + Nu𝑝, where

Nu𝑐 =
−⟨𝑢′3𝑇

′⟩
𝜅 |𝜕⟨𝑇⟩/𝜕𝑥3 |

, Nu𝑝 = 𝜑𝜗

−⟨𝑣′3𝜗
′⟩

𝜅 |𝜕⟨𝑇⟩/𝜕𝑥3 |
(11)

The ratio Nu𝑝/Nu𝑐, equal to 𝜑𝜗 ⟨𝑣′3𝜗
′⟩/⟨𝑢′3𝑇

′⟩, is the parameter which gives a measure of the enhancement of the heat transfer
due to the presence of suspended particles. The existence of a self-similar stage implies that the Nusselt number does not
depend on time, because all fluxes have the same spatio-temporal evolution, by scaling with the same length 𝛿(𝑡).
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Figure 2: Particle temperature variance to fluid temperature variance ratio in two-way coupling simulations with and without
collisions. Variances are measure in the central part of the domain, where heat transfer takes place.
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Figure 3: (a) Particle contribution to the Nusselt number as a function of the Stokes number at different Taylor microscale
Reynolds numbers. (b) Convective Nusselt number as a function of the Stokes number. Continuous lines indicate the collisional
regime, while dashed lines indicate collisionless simulations.
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Figure 4: Probability density function of the particle temperature derivative at 𝑡/𝜏 = 3 in collisional and collisionless
simulations for different Taylor microscale Reynolds number Re𝜆 for three different Stokes numbers.

Figure 3(a) shows this ratio for three different Reynolds numbers as a function of the Stokes number. All quantities
are computed in the centre of the domain. The ratio has a maximum when the Stokes number is of order one, that is, in
correspondence of the highest particle clustering. When the Stokes number approaches zero, particles behave like tracers.
However, since in our configuration also the thermal Stokes number tends to vanish, they behave like passive tracers, so that
Nu𝑝/(𝜑𝜗Nu𝑐) → 1 when St → 0+. On the other side, when St → ∞, particles velocity and temperature tend to decorrelate
from the fluid temperature. The same trend can be observed in all the simulated configurations. Figure 3(b) presents the flow
convective Nusselt number Nu𝑐, which shows the effect of temperature modulation by particles.

Collisions between particles have a negligible effect on the convection. This means that, at the volume fraction investigated,
the deviation of particles from their trajectory has a minor impact on their feedback on the fluid. However, collisions tend to
reduce the particle velocity-temperature correlations and, therefore, the ability of particles to bring heat over long distance.
Since collisions between larger particles are likely more common, as expected, the impact on the Nusselt number is more
evident as St increase, and become appreciable when St > 1, even if there is always a small reduction, which no more than
around 10% even at the highest simulated Stokes number. We could attribute this effect to the fact that collisions between
particles with very different temperatures occur between particles coming from the two isothermal region and the scatter due
to the collision modifies their velocity in the 𝑥3 direction, thus reducing the ⟨𝑣′𝜗′⟩ correlation.

Figure 4 shows the probability density function of particle temperature time derivative in the central part of the domain
at the same dimensionless time. Collisions just have some influence in the tail of the distributions, and have a minor effect
when compared with particle thermal feedback on the flow [8], which modulates the carrier flow temperature reducing the
fluid–particle temperature difference.
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4. Conclusion
In this paper we have analyzed the role of particle collisions on the heat transfer in a thermally coupled particle-laden

turbulent flow at a fixed volume fraction 𝜑 = 4 × 10−4, in the dilute regime where the point-particle approach is valid. We
have found that the overall effect is small and negligible when St < 1, while for St > 1 we observed a small reduction of the
particle-velocity-temperature correlation, of the order of 10%. Anyway, the effect of collisions on the ability of particles to
modulate fluid fluctuations remains almost unchanged. Therefore, we infer that there is no need to introduce collisions in bulk
models of heat transfer in particle-laden flows in dilute regimes.
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