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Abstract — A new semi-empirical correlation for the effective thermal conductivity of porous sintered metal powder was developed
based on the parallel, series, and combination of parallel and series heat flow configurations. The Langmuir shape factor concept is
introduced to gain insight into the microstructure complexity of porous media. The new correlation reveals the average heat flow areas
as potential targets for curve-fitting equations with fitting parameters. The main objective of this study is to use the new correlation to
analyze experimental data of effective thermal conductivity measurements of sintered copper powder of various pores and particle sizes.
The analysis's findings include relationships for the effective thermal conductivity, Langmuir shape factors, heat transfer areas, and length
of heat transfer pathways as functions of porosity. The results of various pore and particle sizes are then presented and compared to
quantify the differences in the microstructure features and their impacts on thermal conductivity.
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1. Introduction

Developing a general formula that reliably predicts the effective thermal conductivity of two-phase porous media is
challenging due to the randomness of the solid phase's microstructure and the complexity of assessing the thermal resistance
between sintered particles. Therefore, it is common practice to consider both parallel and series heat flow to build models
that estimate the effective thermal conductivity of porous media, where porosity is the adjustment factor between the solid
and fluid phase thermal conductivities. The equations provided by these models can be used to predict effective thermal
conductivity as a function of porosity. In addition, extra fitting factors may occasionally be used to match experimental data
and increase accuracy. These models are described in [1-5]. Furthermore, models with various geometrical shapes of porous
media have been investigated to demonstrate the importance of the microstructure and interfacial thermal resistance in
accurately predicting the porous-media thermal conductivity [6-12]. These models provide equations to estimate the effective
thermal conductivity, but they provide little or no insight into the microstructure of the porous media.

This paper uses a new correlation to analyze effective thermal conductivity experimental data of Sintered Copper Powder
(SCP) published by Lu et al. [13]. The new correlation, derived by the super-positioning of re-examined parallel and series
heat transfer models [14], provides insights into the microstructure characteristics of SCP. First, semi-empirical correlations
were developed to predict the effective thermal conductivity of SCP of different pores and particle sizes. Second, the
correlations were used to quantify the Langmuir shape factors, average cross-sectional heat transfer areas of each phase,
contact area between the two phases, and length of heat transfer pathways as functions of porosity. Finally, the changes in
the microstructure features of different pores and particle sizes and their effects on heat conductivity are then quantified and
compared.

2. Experimental Data
2.1 Experimental setup

The experimental setup used by Lu et al. [13] was based on Corsan's method [17], developed for measuring thermal
conductivity from 10 to 380 W/m-K and a temperature range of 50 to 500°C. A simplified setup diagram is shown in Fig. 1.
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On one side of the setup is an electric heater embedded in a copper bar as a heat source; on the other is a continuous
coolant flow used as a heat sink. The specimen of interest is the porous copper sample, while the thermal conductivity
of the copper reference specimen is 391 W/m-K. The setup is clamped with a compression force and rapped with thermal
insulation to minimize the contact thermal resistance and heat loss. Three temperature measurements were recorded,
with prespecified spacing, for the test and reference specimen. The intent is to calculate both specimens' temperature
gradients (dT/dx) at a steady state. The normalized effective thermal conductivity k, of the porous copper was then
calculated using the following equation,
— k. (dT/dx)g

¢ ks (dT/dx), ey

where kg is the thermal conductivity of the copper reference specimen, while (dT/dx)s and (dT /dx),, are the temperature
gradients in the reference and test specimens, respectively.
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Fig. 1. Simplified diagram of Lu et al. [13] experimental setup.

2.2 Thermal conductivity measurements in vacuum, air, and water vs. pore size

Lu et al. [13] studied the effects of the pore size on the thermal conductivity of SCP in vacuum, air, and water. All
SCP samples, in this case, were made of copper powder particle size of 45-47 um using the "Lost Carbonate Sintering
(LCS)" process [15, 16]. As a pore agent, potassium carbonate (K,CO3) powder with different size ranges was used to
prepare SCP samples of four pore size ranges. The objective was to investigate the impact of the pore size on the effective
thermal conductivity.

The effective thermal conductivity measurements in Table 1 are for pore sizes of 250-425 um and 1000-1500 pum.
The effective thermal conductivity values of the SCP with air, water, and vacuum were measured to determine the fluid's
contribution. This study evaluated the normalized effective thermal conductivity, assuming pure copper thermal
conductivity k=391 W/m-K.

For two pore size ranges, effective thermal conduct?\ii);ferjléasurements of SCP in vacuum, air, and water [13].
250-425 pm 1000-1500 pm
Vacuum Air Water Vacuum Air Water
P P P P P P

0.619 0.113 0.619 0.116 0.619 0.117 0.595 0.135 0.594 0.139 0.595 0.142
0.633 0.091 0.633 0.094 0.633 0.095 0.632 0.105 0.632 0.112 0.632 0.114
0.69 0.066 0.69 0.07 0.69 0.072 0.702 0.059 0.702 0.069 0.702 0.072
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0.726 0.05 0.726 0.055 0.727 0.057 0.747 0.044 0.747 0.054 0.747 0.059
0.764 0.033 0.764 0.038 0.764 0.041 0.778 0.034 0.778 0.045 0.778 0.049

2.3 Thermal conductivity measurements in vacuum vs. copper particle size

Furthermore, Lu et al. [13] examine the impact of copper powder particle size on the effective thermal conductivity of
six samples of SCP. The six samples of different particle size ranges were sintered without a pore agent. Particle size range,
porosity, and equivalent measurement of the effective thermal conductivity are listed in Table 2. The results show that the
particle size affects SCP's ability to transport heat, with particle sizes of 45—70 pm resulting in the maximum effective
thermal conductivity.

Table 2.
Measurements of the effective thermal conductivity of SCP for six particle size ranges in vacuum [13].
Particle size range (pum) 10-20 20-45 45-70 75-90 90-150 710-1000
P 0.130 0.140 0.150 0.120 0.120 0.120
K 0.650 0.675 0.716 0.647 0.583 0.532
) +5.6 +13.2 +15.1 +10.1 +7.9 +9.9
Uncertainty (%)
-11.8 -12.2 -14.7 -8.7 -5.0 -7.8
3. Analysis

A new semi-empirical correlation of the effective thermal conductivity that provides more insight into conduction heat
transfer in porous media has recently been developed [14]. The new correlation combines re-examined parallel and series
heat transfer models. The correlation is presented in terms of four normalized Langmuir shape factors, expressed as,

N A
k, =SP + Rk SP+—>T )
¢ T (S 4k 5D
where k is the normalized thermal conductivity, S is the normalized Langmuir shape factor, superscripts p and s are referred
to as the parallel and series heat transfer models, subscript e is referred to the effective thermal conductivity, and subscripts
s and fare referred to the solid and fluid phases.

In Equation 2, the first and second terms stand for heat transfer that occurs in parallel through the solid and fluid phases,

whereas the third term denotes heat transfer in series through both phases. Furthermore, Equation 2 reveals four shape factors:

two shape factors for parallel heat transfer through the solid and fluid phases and the other two for series heat transfer through
the two phases.

The normalized Langmuir shape factors are derived in terms of porosity, the cross-sectional areas of each phase, and the
contact area between two phases, as follows,

Parallel heat transfer:
Solid-phase Langmuir shape factor

2
g% ) 3)
Y 1-pP)
Solid-phase Langmuir shape factor
2
$ S 1-pP)

Series heat transfer:
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Solid-phase Langmuir shape factor

. S3 A
o5 255 _ 5)
S s @A-pP
Fluid-phase Langmuir shape factor
S _52
Sf= S—f = A— (6)
r—s P

where A and ;T}E are the average cross-sectional areas of the solid and the fluid phase, while A is the contact area between
the two phases.

The following equations express the best-fit models for the heat transfer areas:

A=1-pP)n ™)
AA=1-A]=1-(1-P)" (3
AS = aP™(1-P) )

The cross-sectional areas of Equations 7 and 8 satisfy the porosity limits for pure solid at P = 0 and pure fluidat P = 1
for all values of n > 1;i.e.,AY =1 andff}’ =0atP =0,and AL = 0 and AT}‘Z = 1 at P = 1. Similarly, Equation 9 satisfies

the contact area porosity limits for all values of a and m, where A = 0 at P = 0 and P = 1, indicating no series heat transfer
for pure solid and fluid phases. Equation 9 is a symmetrical function when m = 1, and unsymmetrical for values of m # 1
with a maximum contact area between P = 0 and 1,

Substituting Equations 7 and 8 in Equations 3 and 4, the two normalized Langmuir shape factors for parallel heat transfer
are then expressed in terms of porosity as follows:
§¢=@1-py! (10)
_ 1-(1-P)")?
p_(
§F = 5 (In
Furthermore, substituting Equation 8 in Equations 4 and 5, the two normalized Langmuir shapes factors for series heat
transfer are expressed in terms of porosity as follows:

5 _ (aPm(1 - P))*

(12)
s 1-P )

. (aPm(1-P)

5= L ) (13)

where a, m, and n are the fitting parameters.

The lengths of the parallel heat transfer pathways of the solid phase (I£) and fluid phase (Z?) are then determined by
the following equations,

IL=@1-p)m (14)
P

TP _

Lf_l—(l—P)n (15)

While the lengths of the heat transfer pathways in series of the solid phase (L) and fluid phase (Z)Sc) are determined by

the following equations,
_ 1-P

L5 = 16
S 1+aP™(1-P) (16)
_ P
S _
=17 aP™(1— P) 17
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Equations 14-17 are derived using geometrical relationships between the volume and the heat transfer areas. Details and
justification of deriving Equations 2-17 are summarized in Ibrahim et al. [14].

4. Results and Discussion

4.1 Effects of pore size on thermal conductivity

The new correlation was used to analyze the experimental measurements in Table 1 to study the effects of the pore size
on the effective thermal conductivity. Specifically, Equations 2-6 were used to obtain the best possible values for the fitting
parameters n, a, and m for two ranges of pore sizes. It is relevant to note that the fitting parameters are functions of the
microstructure of the porous medium and not the physical properties of the solid and fluid phases. Therefore, the data for
vacuum, air, and water were combined for the same pore size range to obtain the corresponding fitting parameters. The best-
fitting parameters for the small and large pore size ranges are listed in Table 3. The smaller pore size data result in a slightly
more accurate correlation with R2=0.98 and RMSE = 0.055, compared to the large pore size data with R?=0.97 and
RMSE=0.079.

Table 3.
Fitting parameters for two pore size ranges
Pore Size n a m R>  RMSE
Range
250-425 (um)  1.6557  23.56  4.857 098  0.055
1000-1500 16092 8657 8021 097  0.079
(um)

The normalized effective thermal conductivity for SCP vs. porosity is shown in Fig. 2 for small and large pore size
ranges in vacuum, air, and water. The solid lines are for the predicted results by Equation 1, and the data points are the
experimental results from Table 1. The effective thermal conductivity decreases with increasing porosity, and the model
reasonably fits the experimental data. However, for the large pore size range and porosity greater than 0.75, Equation 1
predicts a notably high effective thermal conductivity for the SCP-water system. As expected, the SCP effective thermal
conductivity with water is higher than with air and vacuum.
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Fig. 2. Effective thermal conductivity measurements and predictions of Equation 1 for two different pore size ranges: (a) 250-425
pum; (b) 1000-1500 um.
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The same data of Fig. 2 is replotted in Fig. 3 to compare the SCP effective thermal conductivity of the two ranges of
pore sizes side-by-side in Figs. 3a, 3b, and 3¢ in vacuum, air, and water, respectively. The results show that the large pore
size range has higher effective thermal conductivity for all three cases. The difference between the SCP effective thermal
conductivity is higher in the case of water compared to air and vacuum.

025 T T T T T 025 T T T T T
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Fig. 3. Comparisons of the SCP effective thermal conductivity of two ranges of pore sizes in (a) vacuum; (b) air; and (c) water.

The normalized cross-sectional and contact areas for the two ranges of pore sizes are shown in Fig. 4. The areas were
calculated using Equations 6-8 and the fitting parameters from Table 3 for each size range. The broken lines are for the 250-
425 um pore size range, and the solid lines are for the 1000-1500 pm pore size range. The blue line is for the fluid phase,
and the red line is for the solid phase; this plot format was standardized for Figs. 4 - 6.

The average cross-sectional areas, where the parallel heat transfers through the solid and fluid phases, are shown in Fig.
4a. The results show that the large pore size range has a slightly more solid-phase cross-sectional area than the small pore
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size range. Since the solid phase, copper, in this case, has much higher thermal conductivity than the fluid phase, any increase
in the solid-phase cross-sectional area increases the heat transfer rate and, consequently, higher effective thermal
conductivity, as confirmed by Fig. 3.

The normalized contact area, shown in Fig. 4b, is proportional to the heat transferred in series across the system. At P =
0 and P = 1, the contact area equals zero, affirming no series heat transfer through the pure solid and fluid phases. The
contact area for porosity less than 0.35 is small for both pore size ranges. However, the large pore size range has a
significantly larger contact area than the small pore size range when the porosity exceeds 0.35, with a maximum value of
3.75 compared to 0.8 at approximately the same porosity of 0.9. Increasing the pore size increases the heat transfer in series
through the SCP, especially for high porosity values. This would explain the increase in the effective thermal conductivity
of the SCP water system for higher porosities, as shown in Fig. 2b, caused by the higher thermal conductivity of water and
the increased contact area, represented by the contribution of the third term of Equation 2.
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Fig. 4. Heat transfer areas, comparisons between two ranges of pore sizes: (a) Average cross-sectional area of the solid and fluid
phases for parallel heat transfer; (b) Contact area between the two phases for series heat transfer.

Figure 5 shows the normalized lengths of the heat transfer pathway in parallel and series of the solid and fluid phases.
From Fig. 5a, it can be noticed that heat transferred in parallel takes a longer path in the solid phase than in the fluid phase
as the porosity increases. On the other hand, Fig. 5Sb shows a different pattern where the heat transferred in series in the solid
phase takes a longer path up to P = 0.5; then, the heat travels longer in the fluid phase. Furthermore, the normalized length
of heat transferred in the series of the fluid phase, shown in Fig. 5b, has a drop at P = 0.9, and a local minimum, which
relates to the maximum contact areas shown in Fig. 3b, i.e., the heat transfer pathways decrease as the contact area increases.

Figure 6 compares the solid-phase and fluid-phase Langmuir shape factors for the two ranges of pore sizes. The parallel
models' shape factors, shown in Fig. 6a, follow a similar trend as the cross-sectional areas, while the series model's shape
factor, shown in Fig. 6b, follows a similar trend as the contact area. However, there is a slight shift in porosity at the maximum
points between the solid and fluid phases.
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Fig. 5. Heat transfer pathways, comparisons between two ranges of pore sizes: (a) Lengths of heat transfer pathway for parallel
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Fig. 6. Langmuir shape factors, comparisons between two ranges of pore sizes: (a) Langmuir shape factors for parallel heat

P

heat transfer; (b) Lengths of heat transfer pathways for series heat transfer.

transfer; (b) Langmuir shape factors for series heat transfer.

4.2 Effects of copper powder particle size on thermal conductivity

Further investigation was done by Lu et al. [13] to study the impact of the microstructure due to using different
copper particle sizes on thermal conductivity. The normalized effective thermal conductivity measurements for six
particle size ranges are listed in Table 2. Since the data are for SCP in vacuum, Equation 2 is simplified to the first
term only,
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ke =S5 =(1—P)™? (19)

where n is the only fitting parameter evaluated using the data in Table 2. The solution includes one equation, Equation 19,
and one unknown, the fitting parameter n. The results are listed in Table 4 below.

Table 4.
Fitting parameter, n, for each particle size range
Particle size range (um) 10-20 20-45 45-70 75-90 90-150 710-1000
n 2.1125 1.861 1.582 2.272 2.679 3.0381

Since the experiment was conducted in vacuum, only the average cross-sectional area and the length of the parallel heat
transfer pathway for the solid phase were evaluated using Equations 7 and 19 and the fitting parameter n in Table 4. The
green columns in Fig. 8 represent the effective thermal conductivity and the solid phase's Langmuir shape factor in parallel
heat transfer. The corresponding Langmuir shape factor was not labeled separately in this figure because it equals the
normalized effective thermal conductivity for SCP, i.e., k, = S¥.

As mentioned earlier, also shown in Fig. 7, the 45-75 um particle size range has the maximum thermal conductivity,
corresponding to the largest cross-sectional area and the shortest heat transfer pathway in the solid phase. This maximum
effective thermal conductivity is a function of the particle size range and other factors, such as the particle size distribution,
particle shape, and sintering parameters, which were not discussed in Lu et al.'s paper [13].
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Fig. 7. Normalized effective thermal conductivity k ¢) in vacuum and the corresponding solid-phase Langmuir shape factor (S¥),
average cross-sectional area (A%), and heat transfer pathway (I?) vs. particle size.

4.3 Accuracy of the correlation

To estimate the new correlation's accuracy, the deviations from the experimental data were evaluated and plotted in Fig.
8 for the small and large pore size ranges. The data points are for SCP in vacuum, air, and water. Moreover, the deviations
of the power model for SCP in vacuum by Lu et al. (2020) were also plotted in Fig. 8. The power model for the normalized
effective thermal conductivity is expressed as,
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_ 280
ke =m(1—P)a (18)
where a is the fitting parameter evaluated by Lu et al. [13] for the small and large pore size ranges as @ = 2.02 for 250-425

um and « = 1.939 for 1000-1500 pum.

The percent deviation of the predicted values of Equation 1 from the experimental measurements is shown in Fig. 8a for
the pore size range (250-425 pm) and in Fig. 7b for the large pore size range (1000-1500 pm). The small pore size range
predictions are within +10% compared to +15% for the large pore size range, excluding one outlier thermal conductivity
measurement in air at high porosity. On the other hand, the results from the power law of Equation 18 show relative deviations
within the experimental uncertainty reported in Table 2. Equation 18 fits the data reasonably well for the SCP-vacuum case
only. It also satisfies the boundary condition at P=1, where k, = 0, but it does not meet the boundary condition at P = 0,
where it yields a value of k, < 1. In addition, it does not have terms for the fluid thermal conductivity in parallel or series
heat transfer.
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Fig. 8. Percent deviation (8) of the predicted effective thermal conductivity from the experimental data for two ranges of pore sizes: (a)
250-425 pm; (b) 1000-1500 pum.

5. Concluding Remarks

o Effective thermal conductivity measurements of SCP of the same particle size range and two distinct pore size ranges
were analyzed using a novel correlation based on the Langmuir shape factor. The new correlation fitting parameters
are functions of the microstructure of porous media and not the physical properties of the solid or fluid phases.
Therefore, the effective thermal conductivity measurements in vacuum, air, and water for the same pore size range
are pooled to find the best-fitting parameters.

e The analysis results of effective thermal conductivity measurements of samples made of two different pore size
ranges show slightly higher solid cross-section areas of the solid phase and considerably higher contact areas between
the solid and fluid phases for the larger size range (1000-1500 um) compared to the small pore size range (250-425
um)--consequently shorter heat transfer pathways for parallel and series heat transfer, resulting in higher effective
thermal conductivity.

e The new correlation was also used to study the impact of copper particle size on the effective thermal conductivity
in vacuum for several samples of SCP made of different copper particle size ranges. The analysis quantifies the
cross-sectional area and heat transfer pathway to explain that the copper particle size affects SCP's ability to transport
heat. It also justifies why a range of 45-70 um results in the maximum effective thermal conductivity for its high
solid-phase cross-sectional area and shortest length of heat transfer pathway. In this instance, the analysis provided
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more details but did not confirm the accuracy of the single porosity data observations for the various particle size
ranges.

e In conclusion, the new correlation, using only the effective thermal conductivity measurements, reveals
microstructure characteristics of SCP's solid and fluid phases in terms of cross-sectional areas, lengths of heat
transfer pathways, and Langmuir shape factors related to the parallel and series heat transfer, thus providing insight
and a step forward in understanding conduction heat transfer in porous media.
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